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We give a construction of the stress-energy tensor of conformal field theory (CFT) as a local 
"object" in conformal loop ensembles CLE re , for all values of k in the dilute regime 8/3 < k < 4 
(corresponding to the central charges < c < 1, and including all CFT minimal models). 
We provide a quick introduction to CLE, a mathematical theory for random loops in simply 
connected domains with properties of conformal invariance, developed by Sheffield and Werner 
(2006). We consider its extension to more general regions of definition, and make various hy- 
potheses that are needed for our construction and expected to hold for CLE in the dilute regime. 
Using this, we identify the stress-energy tensor in the context of CLE. This is done by deriving 
its associated conformal Ward identities for single insertions in CLE probability functions, along 
with the appropriate boundary conditions on simply connected domains; its properties under 
conformal maps, involving the Schwarzian derivative; and its one-point average in terms of the 
"relative partition function." Part of the construction is in the same spirit as, but widely gen- 
eralizes, that found in the context of SLE§/ 3 by the author, Riva and Cardy (2006), which only 
dealt with the case of zero central charge in simply connected hyperbolic regions. We do not 
use the explicit construction of the CLE probability measure, but only its defining and expected 
general properties. 
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1 Introduction 



Quantum field theory (QFT) is one of the most successful theories of modern physics. It is a 
theory for certain kinds of emergent, collective behaviours, which occur near critical points of 
statistical (classical or quantum) systems. It also provides a powerful description of relativistic 
quantum particles. 

Two-dimensional conformal field theory (CFT), describing the critical point itself and dis- 
playing scale invariance, constitutes a particular family of QFT models which enjoy somewhat 
more accurate mathematical descriptions. The corner stone of many of these descriptions is 
the stress-energy tensor (also called the energy-momentum tensor). Besides its mathematical 
properties, this object is physically the most important, and has clear interpretations. From the 
viewpoint of statistical models, this is a local fluctuating tensor variable that describes changes 
in the (Euclidean-signature) metric. From the viewpoint of quantum chains, it is perhaps more 
naturally seen as grouping together the conserved currents underlying space translation invari- 
ance (stress) and time translation invariance (energy). In a similar spirit, from the viewpoint of 
relativistic particles, it is a local measure of the flow of momentum and energy. 

The study of the stress-energy tensor gives rise to the full algebraic construction of CFT 
(see the lecture notes [20J, or the standard textbook [10J and references therein). In general, a 
QFT model can be defined algebraically by providing a Hilbert space (in a given quantization 
direction) as a module for the space-time symmetry algebra, along with the action of the stress- 
energy tensor. The full local sector of the QFT model is then obtained by constructing all 
mutually local field-operators that are also local with respect to the stress-energy tensor. In 
CFT, the space-time symmetry algebra is usually taken as the algebra of the generators of the 
quantum-mechanically broken local conformal symmetry: two independent copies of the Virasoro 
algebra - although only a small subalgebra describes actual symmetries. This is useful, because 
the Hilbert space can be taken as a module for these two independent copies of the Virasoro 
algebra, and the stress-energy tensor is expressed linearly in terms of Virasoro elements. The 
central charge of the Virasoro algebra and a choice of two-copy Virasoro module then fully 
defines the model. The complete mathematical framework where these ideas are realized is that 
of vertex operator algebras (see, for instance, |29j). 

Besides the powerful algebraic description of QFT, one often refers, although usually more 
informally, to probabilistic descriptions: fluctuating fields, particle trajectories, etc. It is fair to 



2 



say that these descriptions are not as well developed mathematically, although they provide a 
more global view on QFT, facilitating the treatment of topological effects and without the need 
for an explicit quantization direction. Recently, Sheffield and Werner developed a new, consistent 
probabilistic description of CFT: that of conformal loop ensembles (CLE) [HI [3SJ • Loosely 
speaking, these constitute measures on ensembles of non-crossing loops, where the loops could be 
thought of as iso-height lines of fluctuating fields (cf. the Gaussian free field construction |33j). 
These loop descriptions have the advantage of being much nearer to statistical models underlying 
CFT: fluctuating loops are, in a sense, the collective objects with a proper scaling limit, and CLE 
can be mathematically shown to occur in the scaling limit of many statistical models |37] l38l 
l39 j 140} [9] . This is a giant step towards a better understanding of CFT: having a mathematically 
consistent probabilistic theory of CFT, connecting it to underlying discrete models, and getting 
a full description of the true scaling objects. However, the algebraic description of CFT can 
be argued to be until now the most useful for making non-trivial predictions; for instance, 
the great majority of scaling exponents can be obtained using representation theory of the 
Virasoro algebra, and many conformal scaling functions are fixed by null-vector equations [2UJ, 
110] . Connecting algebraic CFT to CLE could provide a mathematical path from statistical 
models to the powerful algebraic machinery, something which has never been done for any 
non-trivial QFT. 

In the present paper, we consider CLE in the dilute regime, extending it to more general 
regions of definitions and making certain hypotheses that we expect to hold, and use these to 
perform the full CLE construction of the bulk stress-energy tensor. In particular, we show, 
under these hypotheses, the three main properties that characterize the stress-energy tensor: its 
conformal Ward identities for single insertions into CLE probability functions, with appropriate 
boundary conditions on simply connected domains; its properties under conformal transforma- 
tions, involving the Schwarzian derivative; and its relation to the relative partition function, 
related to the partition function and studied in [12]. Proving the hypotheses are open problems, 
but we provide justifications. 

CLE is a wide generalization of Schramm-Loewner evolution (SLE), a probabilistic theory for 
a conformally invariant, fluctuating single curve connecting two boundary points of a domain, 
introduced in the pioneering work by Schramm [32] (see the reviews [2]). In the context of a 
particular SLE measure with a property of conformal restriction, the stress-energy tensor was 
already constructed, first on the boundary [T8l[19], then in the bulk p3|. This SLE measure 
corresponds to a Virasoro central charge equal to 0, and essentially to a CLE where "no loop 
remains." There is no way of constructing the stress-energy tensor as a local variable in other 
SLE measures (with non-zero central charge), because one needs to consider all loops, which 
are not described by SLE. The present work evolved from [II], generalizing it to the case of a 
non-zero central charge. In particular, it is the presence of infinitely many small loops at every 
point, a property of the CLE measure [H], that gives rise to a central charge. 

Some of the techniques used in the present paper for the construction of the bulk stress- 
energy tensor are in close relation with those of [14] . In particular, the object representing the 
stress-energy tensor is of similar type to that of [2], and the basic idea behind the derivation of 
the conformal Ward identities is the same. The main differences, due to the subtleties of CLE, are 
as follows. First, we perform a renormalization procedure and introduce a renormalize measure 
in lieu of the CLE probability measure on annular domains. This is the central object of our 
construction. The renormalized measure is not a probability measure, but related to the CLE 
probability measure via a certain limit. Conformal invariance of CLE probabilities is lost into a 
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conformal covariance, but contrary to CLE probabilities, we have a strict conformal restriction 
property. The latter is what allows us to use the basic ideas of [2] leading to the definition 
of the stress-energy tensor, and the former provides a part of the non-zero central charge. 
Second, the derivation of the transformation properties of the stress-energy tensor necessitates 
new techniques, in order to take into account the non-zero central charge. These transformation 
properties constitute the most non-trivial result of this paper. Finally, the one-point function 
of the stress-energy tensor in CLE needs special care because there are no other fields present, 
contrary to the SLE case (where there are boundary fields representing the anchoring points 
of the curve). It is our analysis of the one-point function that led us to introduce the relative 
partition function in the CLE framework, where we then studied in the CFT framework in 
|12| . The main results are Theorems 15.21 and (conformal Ward identities and one-point 
function) and Theorem 15.51 (transformation properties). 

This paper is a shortened, concatenated version of the preprints [11] (mostly of Part II), 
where an extensive discussion can be found. It is organized as follows. In Section [2] we give a 
general background on the ideas of CLE, and a precise overview of our main results. In Section 
[3l we review CLE more precisely, giving their axioms and some of their main properties and 
studying a notion of support, and we discuss the main expected, but yet unproven, hypotheses 
that we need to make about CLE (in particular on the Riemann sphere and on annular domains) . 
Based on these, in Section H] we define and discuss the renormalized measure. This allows us to 
define, in Section[5j the CLE stress-energy tensor and relative partition function, and to prove the 
associated conformal Ward identities, one-point average equation, and transformation properties. 
Finally, in Section [6l we discuss the results, providing arguments as to the universality of our 
construction and making connection with general QFT and CFT notions. 
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2 General description and main results 
2.1 Collective behaviors in the scaling limit 

The conventional approach to CFT provides non-trivial predictions for what happens in the 
scaling limit with the fluctuations of local statistical variables. That is, it predicts the scaling 
limit of their correlation functions. Yet, a natural question is that of describing, in the scaling 
limit, instead of the local statistical variables, the fluctuating boundaries of clusters of such 
variables, or other naturally occurring curves, through measure theory. For instance, in a model 
of magnetism where magnetic moments can point in only two directions, like the Ising model, 
one may form clusters of aligned moments (see Figure [1]). In this example, cluster boundaries in 
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CFT CLE 



Figure 1: Example of a few hexagonal lattice sites with Ising spins on the faces and the corre- 
sponding cluster boundaries. CFT describes most easily the fluctuations of the spins, and CLE 
that of the cluster boundaries. 

any given configuration are curves through which the moments flip. Success in describing such 
curves is conceptually very important. Indeed, these boundaries, rather than the local variables 
themselves, can be understood as the proper collective objects of CFT: large clusters are what 
represent collectivity best, and at criticality (or near to it), their boundaries are far enough 
apart to produce, upon scaling, a set of well-defined curves in the continuum. In other words, 
the measure theory for these boundaries is the full theory of the scaling limit. The first successful 
measure theory for such curves was obtained by Schramm [32]. The idea of considering cluster 
boundaries as a way to provide a precise meaning of conformal invariance and universality was 
discussed earlier in [26[ [25] , where the question was studied numerically. Besides the conceptual 
satisfaction of a proper description of the collective objects in the continuum, the power of the 
description in terms of random curves and loops comes from the fact that precise notions of 
conformal invariance and locality can be stated, leading to natural families of measures for these 
objects directly in the scaling limit: SLE [32] and CLE |41|, [351 136] , It is then a non-trivial 
problem to relate these measure theories to the algebraic and local-field descriptions of CFT 
(this problem can be seen as a version of constructive CFT). 

SLE is a continuous family of measures for a single curve in a domain, SLE K , parametrized 
by k G [0,8] (see the reviews [8j [2]). Such a curve can be obtained, for instance in the Ising 
model, by fixing all spins to be up on a contiguous half of the faces at the frontier of the lattice, 
and down on the other half, and by considering the boundary of the cluster of up spins that 
include the former frontier sites. The relation between SLE and CFT has been developed to a 
large extent: works of the authors of [2] reviewed there, and works |17 [ 116 1 124] . considering 
the relation between CFT correlation functions, partition functions, and martingales of the 
stochastic process building the SLE curve; works [18[ [19] considering the relation between the 
CFT Virasoro algebra on the boundary (the boundary stress-energy tensor) and "local" SLE 
variables, the generalization [2] to the bulk stress-energy tensor, and a related study of other 
bulk local fields in [31] . From some of these works, it is known that SLE measures correspond 
to a continuum of central charges c less than or equal to 1, with 

(6-«)(3«-8) 

and that a large family of CFT correlation functions are associated with SLE martingales. 
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Figure 2: Drawing representing a CLE loop configuration on a domain. 



However, SLE is fundamentally limited from the viewpoint of constructive CFT. For instance, 
it cannot describe all correlation functions of local fields, in particular bulk fields, since one is 
restricted to the condition on the existence of the SLE curve itself (this implies, in CFT, the 
presence of certain boundary fields). But also, it does not provide a clear correspondence between 
local CFT fields and the underlying local statistical variables, because from the viewpoint of 
the construction via martingales, CFT correlation functions are expectations of extremely non- 
local random variables of the SLE curve. The fundamental reason for these difficulties is that 
SLE does not describe enough of the scaling limit, concentrating solely on one particular cluster 
boundary. 

The scaling limit of all cluster boundaries is expected to give CLE (see Figure [1]). This 
provides a measure-theoretic description of all collective objects: non-intersecting random loops 
in simply connected hyperbolic regions (see figure [2]) [4H l35| [36] . There is a one-parameter 
family of CLE measures, CLE K with 8/3 < k < 8 (where the loops look "locally" like SLE K ), 
expected to give all central charges between and 1 according to (|2.ip . CLE is expected to 
describe the same universality classes as those of CFT for these central charges. There is a proof 
of convergence to CLE at k = 6 for the percolation model J37J El El E]> and at n = 16/3 [321 E] 
and k = 3 [3D] for the (dual versions of the) Ising model. In general the works [4"T| ESI [36] as 
well as the results of [33] give precise descriptions for the random loops in all cases. Another 
construction is that of the Gaussian free field [33], for k = 4. The work [23] also provides a 
discussion of the measure on all loops. Concerning constructive CFT from CLE, the works 
|39[ E] give a candidate for the Ising holomorphic fermion, and a recent work proposed a way 
of obtaining the CFT local field corresponding to the local Ising magnetic moments from a 
CLE construction at k = 16/3 [7J- However, it is still in general an open problem to identify 
random variables of the CLE loops with local CFT fields (many will fall outside of the rational 
description) , and it is not clear if all rational CFT fields can be obtained in this way. In general, 
it is not clear what the concept of local fields means in CLE. In the present paper, we will 
attempt to provide some clarifications on these points. 

The regions 8/3 < k < 4 and 4 < k < 8 are quite different: the former is the "dilute regime", 
the latter, the "dense regime". In the former, loops are simple and disjoint, in the latter they 
have double points and touch each other. These two regimes are understood as providing two 
different, dual descriptions of the same CFT models, this being true both in SLE and CLE. 
In the present paper, only the dilute regime will be investigated. It is worth mentioning that 
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for all 8/3 < k < 8, there are statistical models that are expected to possess critical points, 
and whose scaling limit is expected to be described by CLE. In the dilute regime, these are the 
so-called 0(n) models. They are models for random loops on the hexagonal lattice arising as 
cluster boundaries, as in figure [U where faces at the frontier of the lattice are fixed to the same 
value (e.g. up). The measure is given by Y2g x n f° r < n < 2, where G is a configuration 
of loops on the edges of the hexagonal lattice, |G| is the number of occupied edges, and i{G) is 
the number of loops. The model is believed to be critical if x = l/\/2 + \/2 — n [30]. Hence, 
the results of the present paper can be seen as predictions for certain observables in the scaling 
limit of these 0(n) models. 

2.2 Results 

The aim of this paper is the construction of the CFT stress-energy tensor T(w) as a "local 
object" (see below) in the context of CLE in the dilute regime 8/3 < k < 4. This generalizes 
the work [T4] (results that themselves generalized the boundary construction of [18\ [19] to the 
bulk stress-energy tensor), where it was shown that for k = 8/3, the stress-energy tensor can 
be constructed in SLE as a local variable. Our main results are Theorems 15.21 [5T3| 15.41 and 15.51 
They are based solely on (1) the existence of conformally invariant measures on collections of 
countable disjoint simple loops on simply and doubly connected regions of the Riemann sphere 
C = CU {oo} (including C itself), see Sub-section I3.lt and (2) the four Hypotheses 13.11 13.21 
13.31 and 15.11 As far as the author is aware, amongst these, only the existence and conformal 
invariance of measures on simply connected hyperbolic domains is proven [36j . It would be very 
interesting to have proofs of all of (1) and (2); in particular, the Hypotheses stated in (2) are 
expected to hold in the dilute regime of CLE. Some proofs, although beyond the scope of this 
paper, should be possible with current CLE techniques. 

2.2.1 A local objet 

The concept of locality plays a fundamental role in quantum field theory. Similarly, it will be 
important to have a concept of location where a CLE event "lies" . Let the support supp(X) of 
a CLE event X be a closed subset K of the Riemann sphere C such that the indicator function 
of X takes the same value on all configurations whose set of loops intersecting K is the same; 
see Definition 13.11 There is also naturally a notion of support for random variables themselves. 
In general, the support is not unique; we will say that an event is supported in A C C if there 
exists a support that is a subset of A. 

Consider the following ellipse centered at w G C, with eccentricity e = 26/(1 + 6 2 ) G (0,1) 
(with b > 1) and major semi-axis of length e(b + 1/6) > at angle 9 G [0, 2tt) with respect to 
the positive real axis: 

dE(w, e, 9; b) := + ee ie {be ia + b^e**) : a G [0, 2^)} . (2.2) 

Consider the simply connected domain E(w, e, 9, b) whose boundary is the above ellipse and 
that contains w. Note that dE(w, e, 9, (1 — r/)6) C E(uu, e, 9, b) for any rj > small enough. Let 
£ 1] (w,€,9,b) be the event that there be at least one CLE loop that lies on the annular domain 
E(w, e, 9, b) \ E(w, e, 9, (1 — rj)b) and that separates the two components of the complement of 
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this domain. Further, for any region A, let Pa be the CLE probability measure on a A. We 
define the following complex measure. 



Definition 2.1 Let C be a region that is simply connected and that contains w (C can be either 
the Riemann sphere C = CU{oo} or a hyperbolic region ofC; the case of the plane is redundant, 
as Pc = Pq). Then 



TC > W '= S 2^ 



^ f d9e~ 2ie ( lim 

T€ 2 J \V^0 



P c (S v (w,e,9,b)) 



P,- 



(2.3) 



We will find that the limit on 77 indeed exists, as does the limit on e when considering events 
supported in C \ {w} (and here and below, for technical reasons, we in fact ask for C to be a 
Jordan domain with "smooth enough" boundaries). We will also find that the evaluation of tc\ w 
on events supported in C\{w} is independent of b, as suggested by the notation. Intuitively, tc, w 
is related to Pq, up to a normalization, by a change locally around the point w (in particular, 
the exclusion of a small domain around w). In this sense, it corresponds to the presence of a 
"local object" at w. We find another expression for tc, w as follows: 

TCw(x) = lim („.-*. ( lim M^M^Q) , (2 .4) 

valid for all X supported in C \ {w}. With 1[X] denoting the indicator function of an event X 



and Ec 



the CLE expectation value on C, this can be re-expressed as 



1 f 2lT 1 r i 



From this, it is possible to make more precise the fact that tc, w corresponds to the insertion 
of an "object" supported on w. The object is a (multiple-)limit lim^o of a sequence 



1 



2vre2./ P e (^(0,l,0,&) 



of random variables, and the support of this object is naturally lim^o U, 7 <,/supp(£( ,? ' e )). It is 
a simple matter to see that this support can be taken as the point w. 



2.2.2 Main result 1: the stress-energy tensor 

The main result is that the measure tc, w corresponds to the insertion of the stress-energy tensor 
T(w). In its simplest cases, this statement can be expressed as follows. Let {x\, . . . ,xn} C C. 
Let an event X = X{ Xk y be associated with a product of fields 0\(x\) ■ ■ ■ On{xn) in CFT, 

P A (X) = (01 On) • • • O n {x n ))a (2.6) 

for every region A D {x^\ (in particular, for A = C), where (■ ■ -)a is the CFT correlation 
function on A. Then, 

T C , W (X) = (T(w)Oi(xi) ■ ■ ■ N (x N )) c . (2.7) 
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An example of such an event X is the event that at least one loop separates the points 
Xi, ... ,Xj from the points Xj+i, . . . , ajjv- This will correspond to a product of primary fields 
with conformal dimensions (0,0). Any event asking for specific windings of a specific number 
of loops around fixed points will also correspond to a product of primary fields with conformal 
dimensions (0,0). More generally, so does any event depending on parameters {x k } such that 
CLE conformal invariance ( [36] ~ see Section [3] below) reads 

P A{X{ Xk }) = P g(A){X{g{x k )}) 

for every region A D {x k } and every map g conformal on A. In the general cases where the 
fields Oj(xj) are primary with conformal dimensions (5 k ,5 k ), the result (|2.7p can be written 
quite explicitly; it is equivalent to three statements: 

• (conformal Ward identities on the upper half plane with boundary conditions) 

f^yiw-Xky w-x k dx k (w-x k ) z w-x k dx k J 

where H is the upper half plane; 

• (conformal Ward identities on the Riemann sphere) 

• (transformation properties) there exists a constant c such that 

(dg(w)) 2 [ ]J(dg(x k )) s *(8g(x k ))~ s *) r g{c) , g{w) (g ■ X) + ^-{g, w}P c {X) = t c>w ( X ) ( 2 -^) 



\k=l 



for every g conformal on C, where g ■ X = X^ Xk \ and {g, w} is the Schwarzian derivative 
of g at w. 

Of course, in the third statement, c should be identified with the CLE central charge f)2. 1 1) . but 
we haven't proven this identification. Note that thanks to the Riemann mapping theorem, the 
three statements above imply that Tc tW (X) can be determined in terms of Pc(X) for any simply 
connected region C. 



2.2.3 Main result 2: conformal derivatives 

We may express our result much more generally, beyond events X^ Xk y depending on a set of 
points as above. This goes as follows. 

The central idea for the construction of the stress-energy tensor both here and in the SLE 
context in |14| is a geometric interpretation of the CFT algebraic relation 

T(w) = (L_ 2 1)H, 
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where L_2 is a Virasoro mode in the radial quantization about the point w, and 1 is the identity 
field. Essentially, the action of L_2 tells us to make a small hole around w, then to apply the 
conformal map 

e 2 e 2id 

9w,e,8(z) ■= Z+ r, (2.11) 

{z — VJ) 

and to evaluate the variation in the limit e — > where the hole becomes the point it; and 
the conformal map tends to the identity. That is, the stress-energy tensor comes out of an 
infinitesimal variation of the identity conformal map in a direction that is singular at w. This is 
akin to Schiffer's "interior variations". The domain bounded by the ellipse (|2.2p arises naturally 
thanks to the relation 

9w,e,e(C \(w + beB)) = C \ E(w, e, 6, b). (2.12) 

The idea of associating small variations of conformal maps to the stress-energy tensor was 
made more precise and put in a quite general framework (beyond loop measures) in [12] . through 
the notion of conformal derivatives. This notion is very useful for the derivations of our main 
results, and can be expressed as follows. Let / be a (real, say) function of closed subsets E of 

C. Let gt, t > be a family of conformal maps of subdomains of a simply connected domain 

D, which compactly tend to the identity on D as t — > (the subdomains grow towards D as 
t — > 0). Further, assume that the derivative dgt/dt exists compactly on D at t = 0. Then clearly 
dgt/dt\t=o = h is a holomorphic vector field on D. We say that / is D-differentiable at the subset 
E C D if there exists a continuous linear functional V D /(E) on the space of holomorphic vector 
fields on D (with the compact-open topology) such that for every such family gt, the following 
limit exists and gives 

= V D /(S)(/ i ). (2.13) 

t=o 



df(gt(X)) 



dt 



We will say that it is continuously D-differentiable at E if further V D f(Y,)(h) is -D-continuous 
at E for any fixed h: V D f(g t (Z))(h) -»• V D /(S)(/i) as t -»• for every family g t . We will 
sometimes denote V D f(Y,)(h) = Vf/(E). 

One simple result from [T2] concerning general conformal derivatives is as follows. Let / be 
Mobius invariant: f(G(T,)) = /(E) for all Mdbius maps G. Then it is possible [12j to write 

V D /(E)(/ l )= t dzh(z)A°f(Z)+ I dzh(z)Aff(E) (2.14) 

Jz-.dD- Jz-.dD- 

where A^/(E) is a (unique) function of z that is holomorphic on C \ D and that is 0(z~ A ) as 
z — )-ooifooGC\-D, and Af /(E) is its complex conjugate. The function Af /(E) of z is called 
the global holomorphic derivative. Here, we use the notation z : dD~ to indicate a contour in z 
that lies in D but is near enough to dD, and that goes counterclockwise around the interior of 
D. "Near enough" means that the contour surrounds all singularities of the integrand that lie 
in D. For convenience we also use the normalization J z .g - dz/z = 1 (where B is the unit disk). 

Following are some of the main results of [12] which may be helpful for the understanding, 
but which are not necessary for our present derivation. The holomorphic function Af /(E) is to 
a large extent independent of D: it only depends on its sector |12)H a set of simply connected 
domains that includes D itself and determined by the differentiability properties of the function 



x The sector associated to D is denoted [D] in [12] . and the global holomorphic derivative, A» 
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/. Further, Af /(E) transforms like a quadratic differential under Mobius maps G |12j : 

Af (/ o G)(E) = (5G(z)) 2 A^/(G(S)). (2.15) 

Finally, let B be a simply connected domain such that C\B is disjoint form C\D. Then in many 
cases B and D belong to different sectors. If / is both D-differentiable and i3-differentiable at 
E, and if furthermore / has zero 5-derivative (i.e. V B /(E) = 0), then Q2] Af /(E) transforms 
like a quadratic differential under all maps that are conformal on B. 

Then a more general way of expressing our result is as follows. Let X(K) be an event 
characterized by a subset K. That is, for every region A D K, X is supported in A and 
conformal invariance reads 

P g(A) (X(g(K))) = P A (X). 

For instance, in the special cases considered above, K = {x\, . . . , xn}', but K could be the 
boundary of a domain, etc. Let us denote by (g ■ X)(K) the event X(g(K)), and let us omit the 
explicit K dependence. We see the probability Pc(X) (for K G C) as a function of the subset 
E = dC U K, that is 

P c (X) = f(dCuK) 

(and dC = if C = C). By conformal invariance, we clearly have P g ^(g ■ X) = Pq(X) for 
every g conformal on C. However, if g is not conformal on C, although we may still be able to 
define f(g(dC U K)), we do not expect such an invariance. Let w 6 C \ K and C w = C \ N w 
where N w is a closed neighborhood of w not intersecting K. This non-invariance means that 
the conformal C w -derivative of Pc{X) is in general nonzero. In order to make a connection with 
the previous paragraph, we have D = C^, and if C is a domain with the extra condition (7 / C, 
then B can be chosen as any simply connected domain containing C. One of the results of [12] 
is that, if C is a simply connected domain of C and K = {x\, . . . ,xn}, then (|2.8p and (|2,10p . 
specialized to hk = hk = 0, are equivalent to the identity 

t c , w {X) = A^Pc(X) + ^{s, w}P c (X), (2.16) 

where the map s maps conformally C onto the upper half plane HI. If C = C, then (|2.9p is 
equivalent to the same identity but without the Schwarzian derivative term. 

Here we find that relation (|2.16|) holds for more general subsets K than those composed of a 
finite number of points. In fact, we may further generalize the set-up by omitting altogether any 
reference to a subset K. We consider for every appropriate g an action on events, X i— > g ■ X, 
defined such that there is conformal invariance 

P g(A) (g ■ X) = Pa(X) (2.17) 

for every region A where X is supported, and every g conformal on A. Our main result is that in 
this general CLE context, relation (|2.16p and the sentence following it hold, if X is supported in 
C \ {w}. This is a consequence of Theorems 15.21 and 15.41 as well as the transformation equation 
Theorem 15.51 the condition (|5.5p and Riemann's mapping theorem. The latter three indeed 
allow us to write, for every simply connected C, the one-point function Tc, w (<S), where S is the 
sure event (Pc(S) = 1 and g ■ S = S for all g), as a Schwarzian derivative (with, in particular, 
the use of the formula {g,w} = —{s,z}(dg(w)) 2 where z = g{w) and s = g^ 1 )- 

A general result of |12] is that a relation like (|2.16|) holds for correlation functions of CFT 
fields with any transformation property; hence we see (|2.16p as a general expression of the 
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conformal Ward identities, boundary conditions and transformation properties. In particular, 
the boundary conditions are implemented by a derivative with respect to variations of the domain 
boundaries, mimicking the derivatives with respect to field positions of the usual Ward identities. 
Note that (|2.16p implies that the stress-energy tensor generates conformal transformations: the 
Cauchy integral of the global holomorphic derivative with a kernel h(w) holomorphic for w £ C 
reproduces the Lie derivative in the direction of h. 

Following [12] . we will refer to the relation (which follows from (|2,16D ) 

tcA X ) ~ tcAS) P c{X) = &l w Pc{X) (2.18) 

as the extended conformal Ward identities. In the context of CFT, this contains both the analytic 
properties in w and the boundary conditions for the so-called connected correlation functions, 
where the factorized expression is subtracted. The sure event S corresponds, in the sense of 
(|2.6p . to the identity field 1 in CFT, hence tc, w {S) corresponds to the one-point function of the 
stress-energy tensor on C. 



2.2.4 Main result 3: relative partition function 



In the SLE construction [T2], we essentially obtained (|2,8p and (|2.10p with c = 0, and with 
additional terms containing information about the anchoring points of the SLE curve (these 
terms correspond to the insertion of a CFT degenerate boundary field at level 2). A great 
part of the present work is to show that the extra Schwarzian derivative term is present in 
the transformation properties from our CLE construction. The derivation provides us with an 
interesting expression for this Schwarzian derivative term as follows. 

Let u be a Jordan curve in C. Construct a tubular neighborhood of u: the closure N of 
an annular domain with Jordan boundaries, such that N D u and that u separates the two 
(open, simply connected) components of C \ N. We will say that a sequence of such tubular 
neighborhoods tends to the closed curve, N — > u, if the tubular neighborhoods N approach u in 
the Hausdorff topology. 



Definition 2.2 Given N a tubular neighborhood of a Jordan curve u as above, S(N) is the 
event that there be at least one CLE loop lying in N that separates the components of C\N. 

Let v be another Jordan curve in C disjoint from u. Each of u and v bound two simply 
connected Jordan domains. Let U be the domain bounded by u and containing v, and let V be 
the domain bounded by v and containing u. Then we define the relative partition function as 
follow!]. 



Definition 2.3 Let u, v and V be as above. Then 



z ^y-=^Wm- (2 ' 19) 



We find two nontrivial properties of the relative partition function (see Theorem 14.11 and Equa- 
tion (|5.6p ): (1) it is Mobius invariant, Z(G(u), G(v)) = Z(u, v) for every Mobius map G; and (2) 

2 In [12], the corresponding function in the CFT realm is denoted instead Z(U\C \ V). 
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it satisfies the symmetry relation Z(u,v) = Z(v,u). In particular, from (2), we can see Z(u,v) 
as a function of the subset uUv. 

Further, and most importantly, we find that the global holomorphic derivative of the log- 
arithm of the relative partition function, as a function of u U v , gives rise to the Schwarzian 
derivative term of (|2.16p : 

A^logZ(u,v) = ^{s,w} (2.20) 

for every w £ C\V and where s maps conformally U onto H. This is a consequence of Theorems 
15.31 and 15.51 In particular, the result of the derivative is independent of v for every v lying on 
the side of u where w is and separating u from w. Equality (|2.20p is put in a general context in 
|13j . where the full Virasoro vertex operator algebra is constructed from conformal derivatives 
and functions having the properties of the relative partition function. 



3 Conformal loop ensembles in the dilute regime 

Below, a simple loop is a subset of the Riemann sphere C that is homeomorphic to the unit circle 
S , and a loop configuration is a set of disjoint simple loops in C that is finite or countable. Also, 
a domain will be understood as a connected proper open subset of C such that the complement 
is composed of a finite number of proper continua, whereas a region is a connected open subset 
of C. In particular, a simply connected domain is conformally equivalent to the unit disk B. We 
use the round metric on the Riemann sphere, with distance function 

d(z\,Z2) := arctan-p— ^ ^— (z\,Z2 € C), d(oo,z) := d(z, oo) := arctan— (z G C). 

1 1 i ^1^2 1 |^| 

All concepts that require a metric on the Riemann sphere will refer to the round metric. For 
instance, the radius of a set in C is, as usual, half of the supremal distance between two points 
of the set in the round metric. 

A CLE probability measure is characterized by a region of definition C. For any region C, 
we consider a probability space {Sc, o~c, fJ-c), where Sc is the set of all loop configurations where 
loops lie on C, oq is a er-algebra (a set of events closed under negation and countable unions 
and containing the trivial event 0), and [ic is a CLE probability measure on ac- Although CLE 
has been constructed for simply connected domains only [41| T36j. it is very natural, and for us 
necessary, to consider as well CLE measures on the Riemann sphere C, and on annular domains. 
Hence we will consider fic for C any region in C, and express the expected properties of such 
measures. We will denote by S = S^, which can be interpreted as the sure event in a^. Note 
that S c C S c > if C C C. 

A usual, the CLE probability function on C is an appropriate normalization (ficiSc)) 1 He 
of the CLE measure [±c (some care need to be taken because the CLE measure is infinite, but 
we will not go into these details). In fact, instead of considering a different set of events ac 
for every region C, it will be useful to consider events always in a^. We then simply define the 
probability function as Pel;) = (^c(5c)) _1 Hc(Sc H •)• F° r ^ £ we will sometimes use the 
notation Xc := X C\ Sc £ o~c for the restriction of X on Sc- The probability conditioned on 
an event X will be denoted Pc(-\X) = (Pc{X))~ l Pc{X n •). More generally, for subsets Z of S 
that are not events, we consider the outer measure, with P{Z)c ■= ml(P(X)c '■ Z C X E cta). 



13 



For g a conformal transformation, the ^-transform of the event X will be denoted g ■ X. The 
(/-transform makes sense once the event has been restricted to a region of definition. That is, 
we define in general (g • X)c '■= g(X g -i/Q\) f° r 9 conformal on C. 

3.1 Axioms of CLE 

The set Sc of loop configurations on C satisfies a "finiteness" property: 

• Finiteness. In any configuration, the number of loops of radius at least d is finite for any 
given d > 0. 

An immediate consequence is that if there are infinitely many loops in some configuration, then 
the loops can be counted by visiting them in order of decreasing radius - the set of loops is open 
at the "small-loop end" only. This precludes "accumulations" of loops; in particular, in the set 
of loops of radius at least d, the set of distances between loops has a minimum greater than 0, 
for any d > 0. However, as we look at decreasing d — > 0, this minimum may well (and in fact 
does) decrease to 0. 

Precise definitions of ctq (at least for C a simply connected domain) can be found in, for 
instance, |35l I36j . Here, it will be sufficient to know that events defined by conditions on 
"big enough" loops are part of this a-algebra: for instance, the events that exactly n loops 
are present that intersect simultaneously m sets whose closures are pairwise disjoint, for n = 
0,1,2,3,..., m = 2,3, 4,.... 

A family of CLE measures [ic m the dilute regime, parametrized by simply connected do- 
mains C, is characterized by the following properties [4H I36j: 

• Conformal invariance. For any conformal transformation g : C -» C , we have \xc = 
MC" ° 9 (where g is applied individually to all configurations of the event, and there indi- 
vidually to all loops of these configurations). 

• Nesting. Consider an outer loop 7 of a configuration (a loop that is not inside any other 
loop) and the associated domain C 7 delimited by 7 and lying in C (that is, C 7 is the 
interior of the loop 7 in C). The measure fic conditioned on all outer loops 7 (this is a 
countable set), as a measure on 5u 7 c 7 > * s a P r °duct of CLE measures on each individual 
interior domain, ® 7 //cy 

• (Probabilistic) conformal restriction, or domain Markov property. Given a do- 
main B C C such that C \ B is simply connected, consider B, the closure of the set of 
points of B and points that lie inside loops that intersect B. Consider also the connected 
components Cj of C\B (j is in a countable set). Then the measure fxc conditioned on all 
loops that intersect B or lie inside B, as a measure on SujCj, is a product of CLE measures 
on each individual components, ®jfJ>Cj- We could call this the restriction based on C \B 
and call C \ B the actual domain of restriction. See Figure [3l 

Formally, the requirement for nesting, for instance, is that the Radon-Nikodym derivative 
of the CLE probability measure with respect to the measure induced on the outer loops^l is a 

3 The induced measure on the outer loops is the measure fic oT _1 where T is a transformation that maps each 
configuration of Sc to the set of outer loops of the configuration. 



14 



Figure 3: The various domains involved in conformal restriction, from the outer loops of the 
configuration depicted in figure [2j 

product of CLE probability measures on the domains bounded by the outer loops. An intuitive 
way of thinking about this is that re-randomising the inner loops (the loops inside outer lops) 
according to the CLE probability measure on the domains bounded by the outer loops, keeps 
invariant the CLE probability measure on the domain of definition. 

The usefulness of these CLE axioms relies in great part on a strong uniqueness theorem [36] . 
By the property of conformal invariance, we may restrict our attention to one given domain of 
definition, say the unit disk D, and by the property of nesting, we may restrict our attention 
to the outer loops in any configuration on D. Then, conformal invariance for transformations 
preserving D and conformal restriction give constraints on /xjj as a measure for these outer 
loops. Note that there are "few" conformal transformations preserving D: they form the group 
PSL(2,M). Hence, here conformal invariance is not such a strong constraint by itself. However, 
conformal restriction is very strong. It is shown in [36j that there is only a one-parameter family 
of measures no on So that satisfies these constraints. Including all nested loops again, these 
measures have the property that in any configuration, there is almost surely a countable infinity 
of loops. The loops obtained from these CLE probability measures "look like," locally, parts 
of SLE K curves for some k. The family can be parametrized by this k, and it turns out that 
all possibilities are exhausted with 8/3 < k < 4 (where the SLE curve is simple), as mentioned 
above. These dilute-regime CLE probability measures are constructed in [36]. For the dense 
regime, 4 < k < 8, the construction and axioms can be found in [35J. 

There is no universal definition of [ic f° r C = C or for C an annular domain (as far as the 
author is aware). Yet, certain properties of conformal invariance / nesting / conformal restriction 
should again guarantee the existence of a unique one-parameter family. For C = C, conformal 
invariance and conformal restriction are still expected (invariance under Mobius maps). An 
expected adaptation of the nesting property is to consider the outer loops amongst all loops 
that lie in a fixed domain B, and to condition on these outer loops as well as all loops that do 
not lie entirely in B. For C an annular domain, conformal invariance is also still expected. In 
this case, however, there are loops (almost surely a finite number of them, which can be zero) 
with non-trivial winding. This gives rise to (at least) two expected nesting properties: (1) a 
conditioning on non-winding outer loops as well as all winding loops, to obtain a product of 
CLE measures on simply connected domains (the interiors); (2) a conditioning on the winding 
loop nearest to one boundary component (if it exists) as well as all loops lying between it and 
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that boundary component, to obtain a CLE measure on a new annular domain. Conformal 
restriction can also be adapted to the annular case in a similar way. 

In the following, we will only explicitly need, amongst the properties described above, the 
conformal invariance property of CLE on simply and doubly connected domains, and on the 
Riemann sphere. We will make additional hypotheses, in part justified by nesting properties. 

3.2 Interpretation of the axioms 

The axioms above have very natural interpretations. The property of conformal invariance is 
the main statement of criticality of the lattice model. From the viewpoint of the lattice 0(n) 
model, it is essentially the only one that needs a non-trivial proof. The other two properties can 
be seen as expressions of locality. Interpreted on the lattice, they are immediate consequences 
of the measure in the 0(n) model, at or away from criticality. That is, they follow from 1) the 
product form of the measure in the lattice 0(n) model, x' G 'r/ = JT (nx' 7 ') where |7| is the 
length of the loop 7 in the configuration, and 2) the constraint of having disjoint loops in the 
configuration space. Indeed, the conditioning on loops, in this measure, simply divides out the 
factors corresponding to these loops, and the rest is a product of measures all of which have the 
same product form, but with the restriction that loops lie in smaller domains. This is just the 
product of 0(n) measures on smaller domains, as in nesting or conformal restriction. 

We note that the probabilistic conformal restriction is an "attempt" at two statements that 
are immediate in the 0(n) model: 1) that the exterior side of a loop is like the boundary of a 
CLE domain of definition, and 2) that if all loops are restricted not to intersect dB (where B 
is the domain in the statement of conformal restriction), then C\B (B is the closure of B) is a 
new CLE domain of definition. Conformal restriction as stated above would be a consequence of 
these two statements put together. However, none of them can be imposed on CLE probability 
measures: the first, because this requires to extend the family of CLE probability measures to 
multiply connected domains of definition; the second, because it is impossible to restrict the 
measure to no loop intersecting dB, since almost surely, almost all points are surrounded by 
a loop - see below for properties of CLE. Only the weaker statement of conformal restriction 
above may be imposed. 

3.3 Support 

The definition of support was given in Sub-section 12.21 Let us express it here more formally. 

Definition 3.1 Let C be a region. For any x G S and K C C, let xk '■= {7 G x : 7 D K 7^ 0}. 
A support supp(A') of an event X G ac in the region of definition C is a closed subset ofC such 
that ifxEX, then {y G S c : y S u PV (X) = x SVLVP ( X )} C X . 

Note that the support depends on the region of definition C. But if C C C and K is a support 
of X G ac in the region of definition C , then K is also a support of Xq G uq in the region of 
definition C. With this in mind, it will be clear from the context what region of definition is 
required, hence we will keep it implicit. 
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As mentioned, an immediate corollary of this definition is that the support of an event is in 
general not unique: 

Corollary 3.2 If K is a support of X , then any closed set K' such that K C K' is also a 
support. 

Proof. Loops that intersect K also intersect K' . I 

It will be convenient to introduce the notion of a non-zero supported event: we will say that 
an event X is non-zero on its support if P(X)c > for any region C that includes supp(A'). 
Note that any event possesses a support, although for some the support may be C (in which 
case the statement is empty). We will say that an event is supported if it possesses a support 
that is a proper subset of C. The event S possesses a support, which can be taken as the empty 
set. This event is non-zero on that support. The event also possesses the same support, but 
it is zero on it, as well as on any other support. 

A simple consequence of the definition of support along with the properties of CLE is that if 
any loop or any actual domain of restriction surrounds or contains this support, then the event 
is only determined by the loops in the part of the configuration thus surrounded or contained. 
This is at the basis of the hypotheses presented below. 

In general, the support of a conjunction or a union of events can be taken as the union of 
their supports: 

Corollary 3.3 For two events X and X' , we may take supp(A' n X') = supp(Af U X') = 
supp(X) Usupp(A"). 

Proof. By Proposition 13.21 supp(Af) U supp(Af') is a support for both X and X' . Hence, it is a 
support for their intersection and union. I 

Naturally, under a conformal map g, the support may be taken to transform as supp(g ■ X) = 
g(supp(X)). More precisely, if g is conformal on C and supp(A') C C, then the support of g(Xc) 
in the region of definition g(C) is g(supp(X)). 

Note that the support of the event £(N) (Definition 12. 2 p can be taken as the closed annular 
set N. 

3.4 Three hypotheses 

We now present three hypotheses that are in some sense intuitively expected. These hypotheses 
will form the basis for the renormalization discussion in Section [H and for the construction of 
the stress-energy tensor in the next sections. It would be extremely interesting, in order to make 
this work more complete, to have full proofs of all these hypotheses. However, this is beyond 
the scope of this paper, which concentrates on the construction of the stress-energy tensor itself 
rather than the properties of CLE. 

An important hypothesis is that in the limit where a component of the boundary of a 
domain of definition C tends to a point, finite or infinite, the probability tends to that on the 
limit domain (with the limit point added). This holds, at least, for probabilities of supported 
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events (and, we expect, uniformly on all events with the same support). The intuition is that if 
a component of the boundary of the domain is made to tend to a point (see below for a way of 
making this precise), then there should be more and more loops separating it from the supports 
of events and from other boundary components. Using nesting properties, one can think of the 
measure on each of these nested loops via a Markov process, starting with the nearest to the 
point-tending boundary component. The measure of any finite such loop, in the limit, should 
tend to an invariant measure, independent of the shapes the boundary component takes as it 
tends to a point. Hence the boundary component can be made random, with the measure of a 
loop in the CLE on the limit domain. In this way we obtain the hypothesis. 

In order to express the hypothesis, it is convenient to implement the limit using a generalized 
"scale transformation." We denote by X Z1 Z2 for A G M + and z\, z 2 G C the transformation defined 
by 



x — Z\ 

a Zi , Z2 {x) = g '{Ag{x)) , g(x) = 

That is, 



X ZliZ2 (x) = g 1 (Xg{x)) , g{x) = -. (3.1) 

X - Z 2 



X Zl , Z2 (x) = V V V T ): Z' - (3-2) 



(1 - X)ziz 2 - (zi - Xz 2 )x 
Z2 — Xz\ — (1 — X)x 

The conformal transformation g sends z\ to and z 2 to oo. Hence, X Z1 Z2 for A increasing 
represents a flow from the point Z\ to the point z 2 , which are two fixed points. The usual 
scale transformation is the case Ao,oo- Note that the function g can be rescaled and rotated, 
g i — y X'g for A' G C, < |A'| < oo, without affecting X ZltZ2 . Hence g can be taken as any 
Mobius map that takes Z\ to and z 2 to oo. Particular cases are A 2lj00 (x) = z\ + A(x — z\), 
Aoo,2 2 ( x ) = z 2 + A _1 (x - z 2 ) and we have X ZljZ2 (x) = Z\ + X{z\ - z 2 )^^ + 0(A 2 ) for Z\ / oo. 

Hypothesis 3.1 Let C be a simply connected domain such that C ^ C and let X be an event 
supported in C . Let C\ : A > be a family of domains such that C C C\ for all A. Let z G C 
and z' G C \ C. Then 

hm P Kz , Cx {X) = P t {X). (3.3) 

Further, let A be simply a connected domain with A C C , and let X be an event supported in 
C \ ~A Then 

a 1 ^ P (a^c,)^W = ^c\a(^)- (3-4) 

For the next two hypotheses, let N be a closed tubular neighborhood of a Jordan curve u 
(see the paragraph above Definition 12. 2|) . 

The second hypothesis is that the event £{N) decouples, in the limit where N —> u, the two 
regions separated by u; this being true for probabilities of events supported away from u. It is 
very natural in view of the CLE Radon-Nikodym derivative axioms: by nesting for instance, the 
configurations of random loops inside a CLE loop 7 are distributed according to a CLE measure 
in the domain bounded by 7. Essentially the only additional requirement in order to prove the 
hypothesis would be a statement of continuity of probabilities of events with respect to certain 
disturbances of the boundary components of the domain of definition, at least for domains that 
contain the supports of the events. 

Hypothesis 3.2 Let C be a simply connected domain or the Riemann sphere, and X and X' be 
supported events, with X' non-zero on its support. Let D C C be a Jordan domain with D C C, 
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such that either supp(X) U supp(Af') C D or supp(A') U supp(<Y') C C\D. Then the following 
limit exists and is given by 

n^8d y P C ^{X\X') if supp(^r) u supp(Ar') c C \ D. 



For the notation iV —> u see the paragraph above Definition 12.21 

We now state perhaps the most crucial hypothesis for the construction of the stress-energy 
tensor. This is not directly related to an immediate Radon-Nikodym-derivative intuition. Rather, 
it states, loosely speaking, that the probability of quenching a CLE loop in a small annular 
neighborhood vanishes in the same way independently of the region of definition, and that the 
coefficient of this vanishing should be related to CLEs on separated domains. This will be at 
the basis of the renormalization process defining the stress-energy tensor, of its transformation 
properties, and of the definition and properties of the CLE relative partition function. Since 
this statement is somewhat less intuitive, we provide possible steps towards a proof (of its first 
part only) in the appendix. 



Hypothesis 3.3 Let C be a simply connected domain or the Riemann sphere, and let A, B be 
Jordan domains with A C B and B C C . Then, 

P B (£(N)) = PcyVW) (3 5) 

N^dA P C (£(N)) N^dB P C {£{N)) ' K ' ' 

In particular, both limits exist and the results are nonzero and independent of the way the limits 
are taken. Further, suppose C and C\ are as in Hupothesis \3.1[ and let z £ C and z' £ C\ C. 

lim hm = lim *|. (3.6) 



4 Renormalization 



The aim of this section is to define a measure nc,A on events supported on C\A, for C a simply 
connected region (a simply connected domain or the Riemann sphere) and A a Jordan domain 
with A C C. We define nc,A essentially as the CLE measure with the condition that there be a 
loop lying on dA (and surrounding A), up to a factor that measures the weight of this condition, 
as a function of A and C. 

Since the event that a loop lies on dA is of measure zero, we need a regularization scheme and 
a renormalization procedure. The event needs to be replaced by a family of events £ V (A), r\ > 
with nonzero CLE probability measures, satisfying the (somewhat intuitive) condition that as 
rj — > 0, the event £r>{A) tends to that conditioning a CLE loop to lie on dA. The choice of such 
a family is a choice of a regularization scheme. The weight Pc(£ v (A)) is then multiplied by a 
^-dependent factor, independent of A and C, chosen such that the limit where the regularization 
parameter rj vanishes exists, and is finite and nonzero. This a renormalization procedure. We 
define 

HC,A = m c ,AP c \A (4- 1 ) 
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where mc,A is the renormalized weight. Note that in mc,Ai hence also in nc,A, the boundaries 
dC and dA play quite different roles. 

This regularization - renormalization procedure is reminiscent of similar procedures in quan- 
tum field theory (QFT). From this viewpoint, here we have a multiplicative renormalization. A 
renormalization procedure is expected to be necessary to define any nontrivial local QFT fields 
in CLE, and the present renormalization will allow us to define the stress-energy tensor. 

In QFT, when a regularization scheme is introduced, symmetries may be broken. In the limit 
rj — >■ 0, after renormalization, some of these symmetries may be restored, some not. Different 
regularization schemes, leading to different unbroken symmetries, are usually expected to lead 
to different universal QFT models. 

Here we expect the same phenomenon to occur. The fundamental symmetry in CLE is 
conformal invariance. In particular, P c \-^~ 1S conformally invariant (as expressed in the CLE 
axioms). However, it cannot be expected that it be possible to define a renormalized weight 
mc,A such that the full conformal symmetry is preserved. As we will see below, it is possible to 
keep unbroken the Mobius maps. This agrees with the usual CFT result that upon quantization 
of a classically conformally invariant field theory, in general only Mobius invariance can be pre- 
served. So-called local conformal invariance is quantum-mechanically broken, and this breaking 
is characterized by the central charge of the underlying Virasoro algebra. We will see in Section 
15.41 that in the present case, it is also the possible local conformal non-invariance of nc,A that 
leads to a central charge - a Schwarzian derivative term in the transformation property of the 
stress-energy tensor. We do not know how to prove that this central charge is nonzero, but it is 
expected to be given by (|2.1|) . 

4.1 Mobius-preserving regularization scheme 

It will be sufficient and convenient to consider only simply connected domains A such that any 
conformal map g : C \ B — » C \ yl can be extended to a conformal map on a neighborhood of 
C \ B. Let us denote by T the set of all such Jordan domains. For every A G T and every ij > 
small enough, we will construct a Jordan domain A^ G T such that A v C A. The regularized 
events will be defined as 

£ V (A):=£(A\A V ). (4.2) 

Attempting to have a regularization that preserves all conformal maps would mean attempt- 
ing to find Ajj for every A G T, rj > 0, such that for every g conformal on A, we have 
g{A rj ) = {g{A)) r) . Given B,j for r/ > (where B is the unit disk), this implies that we must 
define A r] by ^(B,,) for §a '■ B -» A. However, c/a is not unique, hence in general g g [A) ^ 9° 9A', 
we cannot preserve the full conformal symmetry. We must choose a subset of conformal trans- 
formations what we wish to preserve. The only subset that acts on all domains is that of Mobius 
maps. Hence, we may try to define as G{B r] ) whenever A = G{B) for G a Mobius map. 
Again, G is in some cases not unique, so the symmetry is not entirely preserved by the regu- 
larization; however, we will see that Mobius symmetry is recovered in the limit 77 — > (after 
renormalization) . 

For A = B (the unit disk) we choose A v = (1 — ?])B. For any A G T, we will choose a 
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conformal map qa '■ C \ B — » C \ A, with in particular gjj,(z) = z, and define^ 

C \ A, := g A (C \ (1 - t/)b) . 



(4.3) 



Let us denote by G the group of Mobius maps, and by K the subgroup of G that preserves 
B. For any given A G Y, let us consider the set [A] G = {G(A) : G G G}. This clearly produces 
a fibration of T: if A G [A'] G and A G [A"]q then [A']q = [A"]q, and any element A is in a 
fiber: ^4 G [A]q. Let us choose a section of this fibration C T such that B 6 f2. That is, 
UA'ed^G = T and [A] G n [A'] G = if A, ^4' G SI with A ^ A. 

First, for every A G fi, we fix arbitrarily a conformal map qa '■ C \ B — » C \ A. The resulting 
choice of ^ is not unique, since qa ° K : C \ B -» C \ A for any if £ K while in general 
K (C \ (1 - r?)B) ^ C \ (1 - r/)B. Second, for every A' G [A] G with 4 E H, we fix arbitrarily 
a Mobius map Ga',a G G such that A' = Ga',a(A), with in particular Ga,a = id, and define 
qa 1 = Ga' a 9 A- This is in general also not a unique choice, because A may have a symmetry 
group: there may be a group S(A) of transformations in G such that K [A) = A for all K G S(yl). 
Two different choices of Ga',a are related by such a transformation. For instance, S(B) = K, 
and in general S(^4) is, as a group, a subgroup of K. With these choices, we have fixed the maps 
gA for all A G T. None of our results will depend on the actual choices that we have made in 
accordance with the last two paragraphs. 

An important property is that if A" = G(A') for some Mobius map G G G, then A'' and A' v 
are also related to each other by a (possibly different) Mobius map. 

Lemma 4.1 Let A', A" G T. If A" = G(A') for some G G G, then A^ = G(A' V ) for some 
(possibly different) G G G such that A" = G(A'). 

Proof. By construction, we have gA' = Ga>,a 9 A and gA" = Ga»,a 9 A for some A G f2, so that 
g A n = Ga",a G^, 1 ^ o g A ' = G o g^/ where G = Ga",^ ° G^} A G G is such that A" = G(A'). I 

Lemma |4. II will lead to Mobius invar iance. Note that if G D C \ A is a region where g^ 1 is 
conformal, then 

Pc(^(^)) = P g - 1(c) (^(B)) (4.4) 

Finally, we note in particular that we can choose all domains E(0,l/b,0,b), b > 1 de- 
fined around (|2.2p to be in f2; indeed, there are no Mobius maps relating them. Then clearly 
E(w,e,9,b) G [E(0, 1/6,0, b)] G for all w G C, e > and 9 G [0,2tt). It is convenient to further 
make the choice 

ff£(o,i/6,o,&)0) = ^ + -gr z - ( 4 - 5 ) 

This gives rise unambiguously to 

E(w, e, 9, b)„ = E(w, e, 9, (1 - n)b). (4.6) 

These are the only explicit choices of domains in £1 and of maps gA that we need in order to 
express our results. In particular, note that 

£ v (E(w,e,9,b)) =£ v (w,e,9,b) (4.7) 

according to the notation introduced after (|2.2p . 

4 Here, following the discussion above, we could have chosen to use c/a ■ D -» A instead, and A v = £u((l — ??)D)- 
However, for later applications, it is more convenient to map the exterior of D to the exterior of A. 
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4.2 Renormalized weight 



The definition of the renormalized weight mc,A follows from the following simple observation: 
Let A £ T and C be a simply connected region, with A C C. Then, the following limit exists 
and is nonzero: 

Indeed, let us consider a domain C D C \ A where g~^ is conformal. Then, by (iterated ap- 
plications of) Hvpothesis l3.3l lim^o Pc(£r](A)) / Pc (£ V (A)) exists and is nonzero, and thanks to 
g3D, P C >(£ V (A)) = P g -i [cl) (£ v (B)). ByHypothesisEJagain, lim^o P g -i (c , ) (^(B))/P e (£ r) (B)) 
exists and is nonzero. Multiplying all that, we get that (j4.8[) exists and is nonzero. This then 
gives us the measure nc,A (|4.ip . In particular, we see that, thanks to Hypothesis 13.21 for X 
supported on C \ A, 

It should be remarked that the choice of the denominator in (|4.9|) and (|4.8j) is arbitrary to a large 
extent. The unique role of the denominator, which should not depend on either C or A, is to 
make the limit exist. In the construction of the stress-energy tensor, we will use a normalization 
better adapted to it. We keep here a canonical normalization, because in constructions of other 
fields (in later works), other normalization will be involved. 

Using the last parts of Hypotheses 13.11 (Eq. ()3.4|) ) and 13.31 (Eq. 13. 6p . we also obtain 

A — ' 

Finally, Eq. (|3.5p of Hypothesis 13.31 implies the following equality: 

m B,A = m C\A,C\B ^ n * 

m C ,A ™ C ,t\B 

for A, B, C as in the hypothesis. 



4.3 Transformation properties 

Clearly, by the CLE axioms on annular domains, Pq\^ (for A, C simply connected, A C C) is 
conformally invariant for any map conformal on C \ A. However, such an invariance cannot be 
expected of the weight mc At because of the symmetry breaking due to the regularization. In 
fact, even invariance under conformal maps on C does not hold in general. Rather, we have a 
conformal covariance, except in the cases of Mobius maps, where our choice of regularization 
guarantees invariance. 

Theorem 4.1 Let C be a simply connected domain or the Riemann sphere, and A £ T such 
that A £ C . Let g be a transformation conformal on C . Then, 

m g{C),g(,A) = f(g, A) m C ,A (4.12) 

where the factor f{g, A) may depend on g and A only. In particular, if g = G is a Mobius map, 

f(G,A) = l. (4.13) 
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Proof. Let us denote C = g(C) and A' = g(A). Note that in general, (g(A)) v =: A' ^ g(A r 



A v . We find: 



^ = iim p c ,( £(f \^)) = iim p c ,( £(£ \ 5 )) = iim P £ ( £(£ \A;,)) 

m G ,A -mo P C (S(A\A V )) mP C r(£(A'\J,)) i->o P e (£(A' \ 4,)) 

where in the second step we used conformal invariance Pc(£(A' \ A?)) = Pc(A \ -A^)), and in 
the third step we used Hypothesis | 



^ P C ,(£(A>\A> V )) = ^ P C ,(£(A>\A V )) 
v->o P t (£( A > \ A' v )) v->o p t ( £ (A' \ A\)) 

(existence of the limit and independence of the way it is taken). Clearly, the result on the 
right-hand side of (|4.14p only depends on g and A. Let us now consider g = G a Mobius map, 
with A 1 = G(A). We simply have to use Lemma 14.11 which implies that A'^ = G(A V ) for some 
G such that G(A) = A'. We have: 

P t (£(T\A^ 



f(G, A) = = lim 

m tA n^o P t (£ v (A)) 



P t {£ v (A)) r^o P t {£r,{A)) 



It is a simple matter to see that 

f(gog',A) = f(g,g'(A))f(g',A). (4.15) 
In particular, if G is a Mobius map, then 

f(Gog,A)=f(g,A). (4.16) 



5 The stress-energy tensor 

We refer the reader to |20t ITU] for standard textbooks on CFT and to [3] for a seminal paper 
on the subject. We also refer to [12J for a description, closely related to the present work, of 
extended conformal Ward identities and relative partition functions in the context of CFT. 

In the realm of CFT, the stress-energy tensor, or more precisely its holomorphic component, 
is a field (i.e. the scaling limit of a lattice random variable) with the properties that it "gener- 
ates" the holomorphic part of infinitesimal conformal transformations. It can be defined by the 
requirements that correlation functions of products of fields with the stress-energy tensor have, 
as functions of the position of the stress-energy tensor, certain prescribed analytic properties. 
Here we will understand the insertion of the stress-energy tensor at the point w 6 C in a model 
on a region C via a measure tc, w , as in (|2.7|) . 

The definition of the stress-energy tensor below is based on the fact that the measure rc,w 
gives rise to the correct extended conformal Ward identities of CFT on simply connected regions 
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(conformal Ward identities and boundary conditions), as expressed in (|2.16p . This parallels very 
closely what was done in [14] in the context of SLE 8 / 3 . Notable differences are the consideration 
of the Riemann sphere C, as well as the equation for the one-point average of the stress-energy 
tensor and the ensuing definition of the relative partition function, which are associated to the 
presence of a (expectedly nonzero) central charge. 

In p3] , the derivation was based on an event forbidding the SLE curve from entering a region 
A, and on the subsequent use of conformal restriction in order to relate this event to a SLE on 
the domain C\A. In CLE, there is no strict conformal restriction because of the presence of the 
infinitely- many small loops, hence this approach cannot be used directly. However, in parallel 
with the SLE construction, the "renormalized event" that a CLE loop lies on dA, gives rise to 
the separation of the CLE configuration into two domains, A and C \ A. The insertion of this 
renormalized event is implemented by the measure Hg Ai as i n f|4.9j) . The technique we use is in 
essence to re-obtain an exact restriction property, (|4.1|) . through renormalization as described 
in Section [H thus loosing exact conformal invariance in favor of conformal covariance, Theorem 
14.11 It is this covariance, in particular, that gives rise to the presence of a central charge: the 
Schwarzian derivative term in the transformation properties, Section 15.41 



5.1 The stress-energy tensor and the relative partition function 

Consider the simply connected domain E(w,e,8,b) defined around (|2.2p . Note that thanks to 
Mobius invariance, Theorem 14.11 E , w e9 ^ = E r Q 1 j,y We will denote 

Mb '■= m c,E(o,i,o,b) = m c,E(w,e,e,by ( 5>1 ) 
From ()4.10p and Mobius invariance we further find 



\mxm c , E (w ,e,e,b)=M b (5.2) 



for C a simply connected domain. 



We define the (complex) measure tc, w corresponding to the insertion of a stress-energy tensor 
at w G C, w / oo in a simply connected region C as 

Tc> := lim 2<7re 2^ J dO e~ 2ld Hc,E(w,e,e,b)- (5-3) 

Thanks to (|4.6|) . (|4.ip and (|4.8|) . this is equivalent Definition 12.11 and in particular the limit on 
r\ exists in Definition 12. II Further, let X be an event supported in C\{w}. Thanks to (|4.9p . this 
gives (|2.4p . The fact that the limit on e exists in (|5.3p . when evaluated on an event X supported 
in C, 

T C , W (X) ■= J™ / dO e- 2ie nc,E( w ,e,e,b)(X), (5.4) 

will be deduced below from differentiability. 



Clearly, thanks to (|5.ip is zero on the sure event S. The sure event corresponds to the 
CFT identity field 1, hence this is in agreement with the fact that the one-point function of the 
stress-energy tensor on C is zero. In fact, thanks to Mobius invariance, the same holds on the 
unit disk D at least at w = 0: 

tu,o(«5) = 0. (5.5) 
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This says that the one-point function of the stress-energy tensor at the point in the unit disk 
vanishes. From the transformation properties derived below, we will see that this holds at any 
point in the unit disk, in agreement with CFT. 

Besides the obvious renormalization, the definition (|5.4p looks slightly different from that of 
|14j used in the context of SLE 8/ / 3 . First, the normalization of e, in the ellipse (|2.2p . is different 
here; this accounts for the difference in the numerical pre-factor. Further, the event in |14j was 
that the curve intersects the ellipse, whereas here it is essentially that the loops / curve do not 
intersect the ellipse. But, in the SLE context, the probability of the former is 1 minus that 
of the latter. The Fourier transform of 1 is zero, so there should be an extra minus sign; our 
definition of 9 in (|2.2p differs by tt/2 from that of |14j . accounting for it. 

The considerations, below, of the one-point function tc, w {S) of the stress-energy tensor, and 
in the next section of the central charge, lead us to the concept of relative partition function, 
Definition 12.31 With C and D Jordan domains in T satisfying D C C, this can be written as 

Z{dC, 3D) = m<CAC = (5.6) 

m t\D,t\C m C,D 

The first equality is a consequence of (|4.8p and of the independence of the result on the way the 
limit is taken, Hypothesis I3.3( the second quality is a consequence of (|4.1ip . itself consequence 
of Hypothesis E31 This second equality, or in fact Hypothesis 13 . 31 for general Jordan curves u,v, 
is equivalent to the symmetry relation Z(u,v) = Z(v,u) discussed after Definition 12.31 Finally, 
at least for curves u, v that are boundaries of Jordan domains in T, Theorem 14.11 implies Mobius 
invariance Z(G(u),G(v)) = Z(u,v). 



5.2 Differentiability 



Our main tool, following and generalizing the ideas of [2], is that of differentiability under small 
conformal maps. Essentially, we will assume that the probabilities Pa{X) and weights hc,a(X) 
are continuously differentiable under smooth deformations of the domain boundaries and of the 
events themselves. For technical reasons, we will also need that derivatives and the limits taken 
in Hypothesis 13.11 can be interchanged. More precisely, recall the concept of D-differentiability 
|12| reviewed in Sub-section 12.21 (see (|2.13|) ). Recall also that we use the notation g ■ X for the 
transformation of the event X under the conformal map g, in the sense that 

P 9i A)(g ■ x) = p a (x) 

for every region A in which X is supported and every conformal map g on A. We will make use 
of the following hypothesis: 



Hypothesis 5.1 Let D be a simply connected domain in which the event X is supported. Let 
A £ T, B be a region and C be a simply connected region containing A, with also X supported 
in B as well as in C \ A. 



1. The quantities Pb(X) and [ic,a{X) are continuously D- differentiable with respect to every 
boundary component of A, B and C contained in D, and with respect to X. 

2. The limit operation and conformal derivatives with respect to X in \3. or to dA and X 
in an d M-lty , can be interchanged. 
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We do not here provide mathematical justifications of this (two-part) hypothesis, other than the 
intuition, especially in light of the nesting property of CLE, that smooth variations of domain 
boundaries and of events should affect the weights smoothly. We note that the first point implies 
that differentiability holds with respect to simultaneous conformal variations of any subset of 
the set of objects mentioned (the boundary components and the event). 

For convenience, for functions / that are stationary under Mobius variations, we will use 
the notation r/(E) (the charge of / at E) for representing the coefficient of the term z~ 4 of the 
global holomorphic derivative associated to domains not containing oo: 



Af /(E) = - r/(E) z~ 4 + 0(z~ b ) forD^oo. 



1 



(5.7) 



This coefficient, for appropriate / and E, is what is related to the central charge in our con- 
struction of the stress-energy tensor. The antiholomorphic charge, f/(E), is likewise defined 
from the global antiholomorphic derivative. For differentiable functions /, we will make us of 
the chain rule for holomorphic derivatives |12j . 



A^(Fo/)(E) = A^/(E) 



dF(t) 



dt 



*=/(£) 



(5.8) 



5.3 Extended conformal Ward identities 



Below we use conformal differentiability, the first point of Hypothesis 15. 11 in order to show both 
that (1) the limit e — > in Definition 12.11 exists, (2) the extended conformal Ward identities 
(|2.18p hold, and (3) there is an expression for the one-point function tc )W {S) in terms of the 
relative partition function, in agreement with the combination of (|2,16p and (|2.20p . We will 
implicitly make use of differentiability as expressed in the first point of Hypothesis 15.11 without 
explicit reference to it. We proceed in three steps. 

First, we consider the case where C = C. 



Theorem 5.2 The limit e — > in f5,^| ) exists for C = C, and satisfies the conformal Ward 
identities on the Riemann sphere: 

r t> JX) = £&P t (X) (5.9) 

where C w = C \ N w and N w is a closed neighborhood of w not intersecting supp(Af). Here the 
derivative is with respect to small conformal variations of the event X . 



Proof. Consider the conformal transformation (|2.1ip and recall (|2.12p . We have 

P C\(w+beB)W 

= P C\E(w,e,8,b) \9w,e,6 ' X ) 

\J z:dC w w / 

\J z:dC w w J 
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where in the first step we used conformal invariance, in the second step we used (|2.14|) with 
h(z) = e 2 e 2td /{z — w), and in the last step, we used the second point of Hypothesis 15. ll in respect 
of (|3.3p . as well as (|4.ip and (|5.ip . Here, c.c. stands for the complex conjugated operator (as in 
(|2.14p ). We are using the notation A^,^, where the symbols | X indicate that the derivative is 
with respect to small variations of the event X only, as is clear from the derivation itself. Upon 
the integration J Q * d0e~ 2%e , this gives W (X) = — f ze gfc 73^ W P(X )g, and in particular the 



fact that the limit in (|5.4p exists in the case C = C. Equation (|5.9p is then a consequence of 
Mobius invariance of P{X)^\ the global holomorphic derivative is holomorphic on N w , so that 
the integral can be evaluated. Recall that the integral is counter-clockwise around C w , hence it 
is clockwise around N,„. ■ 



Second, we infer from the case C = C that the limit in (|5.4p exists in the case where C is 
a simply connected domain and X = S is the sure event. In order to do so, we "construct" 
the domain C by introducing the event £ V (N) with a tubular neighborhood N — > dC and using 
Hypothesis 13.31 (more precisely, Equation (|4.1ip ). Then, a derivation similar to that of Theorem 
5.21 gives the existence of the limit. In addition, it provides a formula for the one-point function 
of the stress-energy tensor. The result is cast into a suggestive form by using our Definition! 
of the relative partition function. 



Theorem 5.3 The limit e — > in ( f5.^[ ) exists for C S T a simply connected Jordan domain 
and X = S the sure event, and is equal to 

T C , w (S) = ^\ogZ(dC,v) (5.10) 

where v C C\{w} is a Jordan curve that separetes w from dC , and C w = C\N W as in Theorem 
\5.2\ with N w not intersecting v. The result is independent of v. Here the derivative is with 
respect to small conformal variations of the set dC U v. 

Proof. We have from (|5.1|) and (14. lip . 

m C,E(w,e,e,b) _ m C,E(w,€,8,b) _ m C\E(w,e,e,b),C\C 



Mb m c,E(w,e,e,b) m c,c\c 



(5.11) 



m C\E(w,e,e,b),C\C + f2 ( / z — ll) ^fdC + C,C - ) m C\E(w,t,e,b),C\C + 



From the transformation properties Theorem l4.ll and following the lines of the proof of Theorem 
with in particular (|2.14p and (|2.1ip . we find 

f\9w,t,e^\C)m^ w+b ^^^p = mfc\E(w,efi,b),g w ^e (C\C) 

dze 2W 

r.8C w Z-W 

In the last step, we used the second point of Hypothesis 15.11 in respect of (|4.10p (with X = S), 
as well as (|5.1ip . On the other hand, we may replace in the above derivation E(w, e, 6, b) by any 
Jordan domain D C C such that D C C and w G D: 

f(g w , £ ,o,C\C) = = 1+e / _ — — A z « + c.c. logm £ ^ e ^+o(e ) 

m fc\D,C\C \Jz:dC w z ~ w J X X 
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We used the chain rule (|5.8p in order to write the derivative term with the logarithm function. 
Here the derivative is taken with respect to simultaneous variations of dC and dD. Replacing 
this into (|5.12p . applying a Fourier transform in 8 and using (|4.10p (with X = S), we then find 

lim JL d9 e -*e m CM^e, b ) = A c w log . m t,t\c 



e^O 2TT6 2 J M b w ^c\D,C\C 

so that by <^M) we obtain (15TTU1) . I 

In (|5.1U|) . we can take dD as near as we want to dC, as long as they do not intersect. Then, 
by the differentiability assumption and the general theory of conformal derivatives [12], Tc,w(<S) 
is a holomorphic function of w on C. 

Finally, we reproduce the derivation of Theorem 15.21 and use Theorem 15.31 in order to obtain 
the conformal Ward identities in general. 



Theorem 5.4 The limit e — >■ in ft°~-4\ ) exists for C 6 T a simply connected Jordan domain 
and X supported in C\ {w}, and satisfies the extended conformal Ward identities &2.18\) . 

Proof. Consider again the conformal transformation (|2.1ip . This time, we see that g W} e,e(C \ 
(w + beD)) = e g{C)\E(w, e, 9, b), where g^ e e is conformal on C and is such that g^ w € e {dC) = 
gw,e.e(dC). We have, from conformal invariance: 

P C\(w+beD) \ X ) 



P gi^ e (.c)\E(, w ,e,e,b)(9 w ,e,e ■ X) 



+ e / ... [—7 A Jx.ac + c - c -) p c(X)+o(e). 



m C ,E( W ,e,e,b) Jz:dC w \ Z-W 2 1 *' 9C 

In the last step, we used (|4.1|) and the second point of Hypothesis 15.11 in respect of (|3.4|) . Using 
(I5T21) we find 



Upon the integration J" 27r d9e~ 2ie , using (|5.4p and the existence of the limit Theorem 15.31 as well 
as Hypothesis 13.11 Eq. ()3.4p . we obtain 

r C ,«,(#) = t c , w {S)Pc{X) - [ -^A^Pc(X) 

and then (12718]) . I 

From these results, it is possible to write the insertion of the stress-energy tensor purely as 
a conjugated global holomorphic derivative: 

t c , w {X) = Z(dC,v)A^ [Z(dC,v)P c (X)} (5.13) 
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where the conformal derivative is with respect to dC, v and X. It is interesting to remark 
that from this, it is possible to understand the Virasoro vertex operator algebra (including 
the Virasoro Lie algebra) associated to the modes of the stress-energy tensor through multiple 
conformal derivatives conjugated by the quantity Z(u, v) for appropriate u and v. This was 
developed in a general context in [13], which we hope to use in a future publication to understand 
the Virasoro vertex operator algebra in the context of CLE. 

5.4 Transformation properties 

The transformation properties of the stress-energy tensor follow from two effects. One is that 
a conformal transformation of the elliptical domain, if we look at the second Fourier compo- 
nent in the limit where the ellipse is very small, is equivalent to a translation, a rotation and 
a scaling transformation, up to an additional Schwarzian derivative term. The derivation of 
this effect is based on a re-derivation of the conformal Ward identities, as in Theorem 15.41 for 
an elliptical domain affected by a conformal transformation, and on a proposition about the 
change of normalization that occurs when the ellipse is transformed. The second effect is that 
of the "anomalous" transformation properties of the renormalized weights, Theorem 14. 1[ The 
factor f(g,A) involved in the transformation property (|4.12p can be evaluated and gives rise to 
another Schwarzian derivative contribution. Then, in total, the stress-energy tensor transforms 
by getting a factor of the derivative-squared of the conformal transformation, plus a Schwarzian 
derivative; this is the usual transformation property in conformal field theory. This transfor- 
mation property allows us to evaluate the one-point function tc, w {S) in any simply connected 
domain C. In combination with (|2.18p proven above (Theorem 15. 4p . this immediately gives 
(l2~Toj) . which, thanks to Theorem E3J gives (12T2UD . 

The Schwarzian derivative of Mobius maps is zero. Hence, the stress-energy tensor transforms 
like a field of dimension (2,0) under such maps. This fact could be deduced from (|5.9|) . (|5.10p 
and (|2.18p . as from the theory of conformal derivatives |12j . the global holomorphic derivative 
transforms in this way for Mobius maps. Further, from (j2.18|) . we could also deduce that the 
"connected part" tc, w {X) — tc, w (<S)Pc(X) transforms like a field of dimension (2,0) under any 
transformation conformal on C, thanks also to a property of the global holomorphic derivative 
|12j . However, we will not need to deduce these transformation properties in this way; our 
method deals directly with the CLE definition of tc, w (X). 

The involvement of the Schwarzian derivative, in conformal field theory, is usually understood 
through the unique finite transformation equation associated to infinitesimal generators forming 
the Virasoro algebra. For instance, the Schwarzian derivative term in the finite transformation 
equation is proportional to the central charge of the Virasoro algebra. These infinitesimal 
generators are the modes (coefficients of the doubly-infinite power series expansion) of the stress- 
energy tensor, and their algebra can be derived from the conformal Ward identities, when 
many insertions of the stress-energy tensor are considered. In the present paper, we do not 
study this algebra, or multiple insertions of the stress-energy tensor (we hope to come back to 
these subjects in future works). The Schwarzian derivative is obtained independently from the 
Virasoro algebra structure underlying the multiple-insertion conformal Ward identities. The 
basis for its appearance in our calculations is the following standard result in the theory of 
conformal transformations: 

Lemma 5.1 Given a transformation g conformal in a neighbourhood of w ^ oo, there is a 
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unique Mobius map G such that 

(Gog)(z) = z+^(z-wf + 0((z-w) 4 ) 

O 

for some coefficient a, and this coefficient is uniquely determined by g and w to be 



(5.14) 



d 3 g(w) 3 / d 2 g(w) 



a = {g,w} := < 



dg{w) 2 \ dg{w) 
_ 3 , im (, 2 ^,, + ^ 



z^w\(z - w)g(z) g(z) 



(g(w) / oo) 
(g{w) = oo). 



(5.15) 



In the case g(w) ^ oo, this is the usual Schwarzian derivative of g at w. In the other case, this 
should be understood as a definition of the Schwarzian derivative. 

Proof. Global conformal transformations are in general of the form G(z) = (az + b)/ (cz + d) for 
complex a, b, c, d. Using this form, and requiring (|5.14|) . we obtain the lemma. I 



5.4.1 Contribution from the transformation of a small elliptical domain 
Proposition 5.2 Let g be transformation conformal in a neighborhood of w ^ oo. We have 



m 



where 



t,g (E(w,e,6,b)) 



c\ = rW logm 



1 + ^ ( e*°{g, w} Cl + e-™{g, w}c x ) + o(e 2 ) 



A=E(0,1,0,&) 



ci = IW logm 



A=E(0,l,0,b) 



(5.16) 



(5.17) 



and the operators T\qa and T\qa (defined in |5. 7\ )) are with respect to conformal variations of 
the boundary of the domain A. 

Proof. Using the Mobius map G of Lemma 15.11 and Mobius invariance of Theorem 14.11 we have 



m C,g(E{w,£ ) e,b)) ~ m C,(Gog)(E{w,e,e,b)) 

= m, 



C.e-ie-* 6 ((Gog)(ee iB E{Q,l,0,b)+w)-w)- 

From Lemma 15-H it is easy to see that 

e- l e- i9 ({G o g){ee w z + w) - w) = z + e 2 h w ^ e (z) (5.18) 

where h we g(z) converges uniformly to {g,w}e z 3 /6 as e — > for any z in compact subsets of 
the finite cc 
(|5TTfT]l with 



the finite complex plane. Hence we find m^EK^)) = m c,(id+e2^, £ , e )(i?(o,i,o,fe)) which S ives 



ci 



ci 



8Ca 



8Ca 



*z\8A M 



A=E(0,l,0,b) 
A=-E(0,l,0,6) 



(5.19) 
(5.20) 
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by differentiability (the first point of Hypothesis 153]) and by (|5.ip . Here Coo is a simply connected 
domain containing E(0, 1, 0, b). We perform the integral by evaluating the pole at z = oo, using 
(|5.7p . and we re- write the result through the chain rule (|5.8p for convenience, giving (|5.17p . I 

In order to obtain the transformation properties of the stress-energy tensor, it is natural to 
study the second Fourier component of renormalized probabilities as in (|5.4p . but where the 
domain excluded is an elliptical domain that is affected by a conformal transformation g. We 
show that it is related to the same object with the ellipse kept untransformed, times the factor 
(dg(w)) 2 , up to an additional Schwarzian derivative term. The factor (dg(w)) 2 comes from 
the fact that the elliptical domain is affected by the local translation, rotation and scaling of 
the conformal transformation, and the Schwarzian derivative factor comes from the change of 
normalization described by Proposition 15.21 

We need the following lemmas. 

Lemma 5.3 Let p be univalent conformal on B and q be univalent conformal on C\B such that 
p(dO) = q(dH>). Assume that q is normalized at infinity so that q(z) = q\z + 0(1) with q\ > 0. 
Let p' = p + 0(e) uniformly on a neighborhood o/B, and let q' be the unique conformal map on 
C\B, continued to a homeomorphism o/C\B, such thatp'(dO) = q'(dl}) andq'(z) = q' 1 z + 0(l) 
with q[ > 0. Then q' = q + 0(e) uniformly in C \ B. 

The functions p and q are matching univalent functions, which appear naturally in the context 
of quasi-conformal mappings [28] and in the study of the Diff(S' 1 ) group manifold [23J, and 
which are studied for instance in [21]. It is beyond the scope of this paper to go through a 
detailed proof. One avenue is through Schiffer's method of interior variations, see e.g. [H Chap. 
7]. There, a related statement, but varying q and determining the resulting variation of p, is 
proven. For a particular variation of q, given by (see (|2.1ip ) q' = g W)e fioq = q + 0(e 2 ), w G p(B), 
an explicit formula is derived showing that p' = p + 0(e 2 ) (where p and p' are uniquely defined 
through an appropriate normalization). The result is valid uniformly on w and 0. It is clear 
that the proof can be extended to a general small variation q' = q + 0(e) and the resulting 
variation of p is obtained by integrating over w, in the spirit of (|2.14p . The roles of p and q can 
be exchanged back to those of the lemma by using a Mobius map. We hope to provide more 
details in a future work. 

Lemma 5.4 Let w G C, e > and 9 G [0, 2ir) as in A2.11\) . and b > 1. Let j be conformal 
on a neighborhood of w and j(z) = z + 0((z — w) 2 ). There exists a Mobius map G that 
preserves oo (i.e. a combination of a translation, a rotation and a scale transformation) with 
G = id + e 2 ff + o(e 2 ) uniformly on C, and a conformal map g = g w ,e,9 + (£ 2 ) uniformly on every 
(closed) neighborhood of oo not containing w, such that (Gog)(C\(w+beI})) = C\j(E(w,e,0,b)). 

Proof. For simplicity, let us assume w = 6 = 0. The general case is immediately obtained from 
this special case using a rotation and a translation. Let us denote a = go,e,o an d A = E(0, e, 0, b). 
Then we have a(C \ feeB) = C \ A. Consider, for e small enough, the unique conformal map 
P such that f3(C \ beD) = C \ j(A), with /3(z) ~ f} x z + O(l), Pi > 0. For any conformal map 
h, let us use the notation h € (z) := e~ 1 h(ez). Consider B = A/e. This is an elliptical domain 
independent of e. Note also that a e (z) = z + 1/z is independent of e. Then, a e (C \ 6B) = C \ B 
and /3 £ (C\6B) = C\j e (B). Thanks to the condition on j from the lemma, we have j e = id+0(e) 
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uniformly on a neighborhood of B. By Riemann's mapping theorem and Lemma f5.31 this implies 
that (3 e = a e + 0(e) uniformly on C \ 6D. Hence 



oo 



z 



—n 



n=-l 



where 5 n {e) = 0(e) for all n. This gives 



oo 



2 



— n 



n=-l 



With (e) = re + se 2 + 0(e 3 ) and 80(e) = ie + 0(e 2 ), we then find f3 = Gog where <? = a + 0(e 3 ) 
locally uniformly on C \ {w} and G(z) = z + erz + e 2 (sz + i). The coefficient r is shown to be 
as follows. Let v S 3D. There is a unique orientation-preserving homeomorphism of the circle 
v 1 — y u such that f3 e (bv) = j e (bu + l/(bu)). Since both f3 e and j e are O(e) uniformly, then so is 
the map v 1— > u. Consider the ansatz u = (av + c)/(cv + a), \a\ 2 — |c| 2 = 1, which preserves the 
circle. Let j(z) = z + j'22: 2 + 0(z 3 ). By a straightforward calculation, the condition that at order 
e the function j e (bu+ l/(bu)) does not contain positive powers of v other than v itself, and that 
the coefficient of v be a real positive number, uniquely fixes a = 1 + 0(e 2 ), c = bj%e + 0(e 2 ). 
Hence this is a correct ansatz up to 0(e 2 ). Since a = 1 + 0(e 2 ), this calculation in particular 
shows that /3 € (z) = z + O(z , e 2 ). Hence, r = 0. I 

Proposition 5.5 Lei O G T be a simply connected Jordan domain or C = C, let w £ C with 
w ^ 00, and let X be an event supported in C \ {w}. Let g be a transformation conformal on a 
domain containing w with g(w) / 00. Then, 



Proof. First, note that (|5.21|) is immediate if g = G is a combination of a translation, a rotation 
and a scale transformation. Indeed, in this case changes of the w, and e variables on the left- 
hand side account for these transformations, producing (dG(w)) 2 , and the Schwarzian derivative 
is zero. Further, thanks to Mobius invariance of the measure He a (Theorem 14. ip . we obtain 



In the general case, we can write g = G o j where G(z) = g(w) + dg(w)(z — w), and j = 
z + 0((z — w) 2 ). Then, it is sufficient to prove (|5.2ip for g replaced by j (note that dj(w) = 1). 
For then, 




■e~ 2iG Vc,g(E( w ,e,e))(X) = (dg(w)) 2 T C>g(w) (X) + ±{g, w}P C (X) . (5.21) 



(dG(w)) 2 r G{c)Mw) (G ■ X) = t c , w (X). 



(5.22) 




(5.23) 



which reproduces (|5.2ip using (I5.22p and {j, w} = {Go j, w}. 
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In order to prove (|5.2ip with g replaced by j, we follow the steps of the proofs of Theorems 
15.2} 15.31 and 15.41 using the maps G and g of Lemma 15.41 



(G og)(C\(w + 6eD)) = C \ j(E(w, e, 6)). (5.24) 

Justifications based on Hypotheses 13.11 and 15.11 that are similar to those used in these theorems 
will be omitted for conciseness. 

Let us consider C = C and re-trace the first steps of the proof of Theorem 15.21 using 
additionally Lemma 15.41 We have 

P C\(w+beB)( X ) ( 5 - 25 ) 

= p c\j( E( w ,e,e,b) )((G ° 9) • x ) 



P G- 1 (C\j(E(w,e,e,b)))(£ l ' x ) 

m JG.X) + ^[l ^— A^ x + c.c. ) d (m - m ( X ) + o(e 2 



dz e 2ie . 

A^-u 

C\j(E(w,e,9,b))^ ' ^ >^ c \J z:Stw z-W *\X^^-J * C\(G-iaj)(E(w,e,6,b)) 

In the last step, for the first term on the right-hand side we used the following general result, 
for a simply connected domain A e that scales down to a point as e — > (cf. Hypothesis 13. 1|) : 

P g { c)\aSG-X) = P^W-e^H^ecPc^W + oie 2 ) 
= P c \- e W-e 2 VH\x,ac p c(X)+o(e 2 ) 
= p c\aS X ) (5-26) 



where conformal invariance guarantees that the conformal derivative vanishes. Using Theorem 
E21 we have A^ X P^(X) = t^ z (X), whence 

P C\ {w+b eB)( X ) = Ptv<Efcm(X) + t2 (L- JZ^^W + c - c -) + °( £2 )- ( 5 - 27 ) 

We multiply both sides by m c. j(E{w e6 b))/^ ano - use Proposition 15.21 Taking the integral 
27T ^2_\f Jq 77 d0e~ 2%e on the result, we obtain (|5.2ip in the case C = C and g = j. 



We now turn to the case where X = S is the sure event and C is a simply connected domain. 
We re-trace the steps of the proof of Theorem 15.31 We have from Proposition 15.21 and Equation 

(BHD, 

2 / \ _ \ m^.'/u/... .AIM m./~i ./ei/'... . a i.w m 



1 6 f^fn ,n\n L n n\ J ^\ m C ,j{E{w ,b)) Tn Clj (E(w, £ ,0,b)) ' U C\j(E(u,,e,d,b)),C\C 

!-T^(e {j,w\d+c.c. +o{e ) \ — = — = . 

iZ X y / JSI b m C,j(E(w,e,e,b)) m C,C\C 

(5.28) 

Note that using (|5.2p . the equality between the first and last members becomes 

2 / \ m 



m C , mw ,e m e w}ci + c c x + o(£2) = '»cWM, t ))AC i (g 2Q) 



A4 12 



m c,c\c 



33 



From the transformation properties Theorem 14, 1[ in particular using Mobius invariance, and 
from Lemma 15.41 we find 

f(G°g,C\C) m c\( w +beM),c\c = m c\j(E(w,€,e,b)),(Gog)(c\c) 

_ 2 f f dze 2ie A e TO \ _ 

- m C\(G-loj)(E(w,e,0,b)),C\C + 6 \J z .Q tw z-W Z \ 9C + C '°' ) m G- 1 (C\j(E(w,e,e,b)))£\C + > 

2 f f dze 2i \ t w \ 2n 

~~ m C\i(E(w.f.e.b^.G(C\C) + 6 / - A 2H9<7 + CX - m C.C\C + °v e ) 



"CV(B(^,e,e,6)),G(C\C) ^ c \J z .gc w Z - W Z \ 9C J " C,C\C 

Thanks to Lemma EH we have 



= %t^),c\c + ^ |ac% . {WJ)AB + o( ^) 

= ™C\j(£Mk)),C\C + I ^ m C,C\C + °( e2 ) 

= m C\j(E(w,e,e,b)),C\C 

where in the last step we used again Mobius invariance, Theorem 14.11 Hence we find, using 

O and nam 

/(<?, C \ C) »^c\( TO+ 6 e I) l c\C 



Replacing in the above derivation E(w,e,9,b) by any Jordan domain D C C such that D C C 
and w £ D: 

f(~g, C \ C) = 1 + e 2 / — - - A?- + c.c. log m^C^ + o(e 2 ) 

where the derivative is taken with respect to simultaneous variations of dC and dD. Combining 
the last two equations, we get 

Sadist jf - + s<*«> 

which by Theorem 15.31 and (|5.6[) yields 

1 /" 27r Cl 
lim J o de e ~ 2ie m c,j(E(w,e,e,b)) = r c ,w(S) + —{j, w}; (5.30) 

this is (|5.21|) with X = S and g = j. 

Finally, we can do the general case following the proof of Theorem 15.41 We have, from 
Lemma 15.41 

P C\(w+beB) W 

= P (Gogt)(C)\j(E(w,e,e,b))(( G ° 9) ' X ) 

= P C\(G-loj)(E( W ,e,6,b))( X ) + g2 (73^ A *|W + CX ') i C\(G-ioi)(i?( w , e ,e,6))( ;t ') + ^ 

f fdze 2ie ~ \ 
= PQ^Si^m^ -X)+e 2 J a l—A% xfia + ccj P (AT) + o( £ 2 ). 



z:0<L w 

dz e 2ie 

(tcA*) ~ tc,z{S)Pc{X)) + cc. ) + o(e 2 ). 
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In the last step, we used (|5.26p and Theorem 15.41 (leading to (|2.18|) ) . Multiplying this equation 
by rn C E ( w e fl fy/J\fb and using (|5.3U|) . we obtain (|5.21|) for general X and g = j. I 



5.4.2 Contribution from the anomalous transformation properties of renormalized 
weights 

The other contribution to the transformation property of the stress-energy tensor comes from 
that of the renormalized weight, Theorem 14.11 In order to identify it, we need to study f(g,A) 
defined by (|4.12|) . and in particular f(g,E(w,e,6,b)). 

An insight can be gained into f(g, A) in general by noticing that it is an automorphic factor 
for the group of conformal transformations, Eq. (|4.15p . Consider f(g,E(w,€,6,b)). By the 
symmetries of the elliptical domain, we certainly have 

f(g,E(w,e,9,b)) = Y,f2n(g,w,e)e 2me 

(omitting the b dependence on the right-hand side). Also, from (|4.1Uj) . using the fact that g 
becomes, locally around w, just a combination of a translation, a rotation and a scale transforma- 
tion and using global conformal invariance, it is possible to show that lim^o f(g, E(w, e, 9, b)) = 
1. Through a slightly more precise analysis of the ^-dependence of the leading small-e terms of 
m c,E{w,t,e,b)i it is possible to argue from the definition of f(g,A) that f 2 (g,w,e) = e 2 f2{g,w) + 
o(e 2 ) and that all other Fourier components are of higher order in e, except for the zeroth 
component. Hence, we find the infinitesimal version of (|4.15p . 

h{hog,w) = f 2 (g,w) + (dg(w)) 2 f 2 (h,g(w)). (5.31) 

This equation is what is usually obtained in CFT when considering the infinitesimal transfor- 
mation properties of the stress-energy tensor. A solution is the Schwarzian derivative; with 
additional assumptions, this solution may be made unique (up to normalization). 

This derivation is very natural, but it requires a proof of uniqueness of the solution to (|5.3ip . 
Instead, we will employ a more direct route, deriving the main properties of f(g,E(w,e,9,b)) 
through a calculation similar to that of Proposition 15.21 The Schwarzian derivative naturally 
comes out from this calculation. We show the following: 

Proposition 5.6 For g conformal on a neighbourhood of w ^ oo, we have 

f{g, E(w, e, 9, b)) = 1 + ^ (e 2W {g, w}c 2 + e~ 2W {g, w}c 2 ) + o(e 2 ) (5.32) 

where 

c 2 = r l9D>dA logm D , A \ A=mim , c 2 = T ldD:dA logm DA \ A=mim (5.33) 

for any simply connected domain D such that D excludes oo and such that E(0, 1,0) C D. The 
numbers c 2 and c 2 are independent of D . 

Proof. Using (|4.12[) with X the sure event, we have 

f(g, E(w, e, 6,b)) = m ^)MEi^m) {5M) 

m C',E(w,e,e,b) 
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for any C such that E(w,e,6,b) C C, oo C and such that g is conformal on C (which 
can be achieved for e small enough). Let us choose C = ee t9 D + w for some D such that 
E(0, 1,0,6) C D - this is a valid choice for all e > (small enough so that g is conformal on C), 
since E(w, e, 9, 6) = ee ie E(0, 1,0, b) + w. We may analyse the numerator using Lemma 15 .11 Let 
us denote by G the global conformal transformation associated to g, as in the lemma. Equation 
(|5 . 18[) along with Mobius invariance, Theorem 14. 1\ immediately implies 

m g(C),g(E(w,e,e,b)) = Wl(id+e 2 A U) , ejfl )(£)) ) (id+e 2 h u , i6 , ( ,)(B(0,l,0 ) 6)) 

Since the denominator is simply rnc t E(w,e,6,b) = m D,E(o,i,o,b) by Mobius invariance again, we 
obtain ()5.32|) with 



c 2 = 2 / dz z 3 A^\° dDjdA log m DyA 
c 2 = 2 / dz z 3 Ag j^ D 9A log vud a 



,4=^(0,1,0,; 



^=£(0,1,0,6) 



by differentiability (Hypothesis 15. ip . Here Cqo = C \ A^oo where A^oo is a closed neighbourhood 
of oo not intersecting D. Performing the integral by taking the residue at oo given by (|5.7p . we 
find ()5.33p . Finally, since f(g,E(w,e,0,b)) is independent of D for any 9, a Fourier transform 
shows that the expressions for c 2 and c 2 are also independent of D. I 



5.4.3 Final transformation equation 

Finally, we may put together Propositions 15.51 and 15. 61 in order to obtain the final transformation 
equation for the stress-energy tensor. 

Theorem 5.5 Let C G T be a simply connected Jordan domain or C = C, w G C with w ^ oo, 
X an event supported in C \{w}, and g a transformation conformal on C . Then, 

(dg(w)) 2 T g{c)Mw) (g ■ X) + ^{ g , w }P c (X) = t c , w {X) (5-35) 

where 

c = a-c 2 = T| QDvjdA log Z (3D, dA) \ A=E[o im (5.36) 



for any simply connected domain D such that D excludes oo and such that E(0, 1,0,6) C D. 
The number c is independent of D. Here, T is the operator defined in ( |5.7p , and Ti qdu8A means 
that it is applied on applied on log Z(dD\dA) seen as a function of dD U dA. 

Proof. From ()4.12p . we have 

\ d8e- 2i9 f(g,E(w,e,8,b))Li CMw , eAb) (X)= d8 e - 2i6 ' V g(C ), 9 (E( w ,e,e))(g ■ X). (5.37) 
Jo Jo 

From ()5.2[) and Hypothesis 13.11 we see that lim^oAf^ 1 fJ,c,E(w,e,e)(X) = Pc(X). Then, with 
Proposition 15.61 on the left-hand side, and Proposition 15.51 on the right-hand side, we find 



c = r iar»,sAlog 

m C,A 



A=E(0,l,0,b) 
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and (|5.6p gives ()5.35|) . 



The constant c in (|5.35p is the so-called central charge. Its meaning in terms of the Virasoro 
algebra is obtained by studying multiple insertions of the stress-energy tensor (see e.g. |10j). 

Naturally, combining the transformation property of the stress-energy tensor with the ex- 
pression for the one-point average (|5.10p , one could a priori obtain a different expression for the 
central charge c than that given in (|5.36p . It is possible, however, to check that expression (|5.36p 
is consistent with the stress-energy tensor one-point average. Consider the domain C \ 6D, and 
the transformation g(z) = z + 1/z. This transforms the domain into C \ E(0, 1,0). Since we 
have Tg.\ b j} w (S) = 0, the transformation property (|5.35p gives 

1_J_V T c/2 

w 2 J 'C\E(0,l,0,b),g(w) ( w 2 -l) 2 ' 



, and we find that 

A=E(Q,l,0,b) 



From ()5.10p . this gives us an expression for A w °^q A v log Z(dA, v 

the large-u> expansion is given by (c/2)w~ 4: + 0(w~ 5 ), in agreement with (|5.36p with v = dD 
(recall that Z(u,v) = Z(v,u)). 



6 Discussion 



6.1 The construction 

Our construction involves two regularization-renormalization processes. The first is to take care 
of the infinitely- many small loops, the second is to construct a local object from an extended 
one. As an analogy with QFT, the first could be seen as a renormalization of the Lagrangian, 
the second, as an extra renormalization of a "composite" field. 

The first regularization-renormalization process breaks full conformal invariance, preserving 
Mobius invariance, but gives an exact (non-probabilistic) conformal restriction. For any Jordan 
curve u, we consider an event, in CLE, that forces not to be any loop intersecting u. This 
"separates" the two connected components of the complement of u. Any such event has measure 
zero, because around almost every point there are almost surely infinitely many loops. Hence, 
we regularize the event by "fattening" u to an annular set N and requiring that there be no loop 
intersecting both components of the complement of N. There are several ways of doing this, but 
a simple one is the event £(N) that requires that there be at least one loop that lies in N and 
winds once. For every u, we choose N in a specific way (which still allows for a lot of freedom); we 
give an explicit description for the case where u is an ellipse. This is a choice of a "regularization 
scheme" in the QFT language. Our choice of regularization scheme is guided by the requirement 
that Mobius invariance be preserved at the end of the process, although the regularized events 
themselves do not quite, in general, preserve the invariance. We then normalize the weights 
mc, a (with dA = u) of such events by dividing by a u- independent constant, in such a way that 
the limit where N — > u exists. We show that in this limit Mobius invariance is recovered. The 
result is, in the QFT language, a renormalization of the initial zero-measure event. We express 
this using the measure He A- However, local conformal invariance (i.e. non-M6bius) is broken. 
We find, instead, a certain kind of conformal covariance. Thanks to CLE nesting property, this 
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procedure gives an exact conformal restriction property: \iC,A ls related to Pq\t_ by a C- and 
^4-independent constant. 

The second regularization-renormalization process is the actual construction of the stress- 
energy tensor. We choose A to be an ellipse in the measure He, A and take the second Fourier 
component of the result as a function of the angle of the principal axis of the ellipse (regularized, 
finite-extent object). Then, we take the limit where the extent of the ellipse vanishes, dividing 
by the square of the extent (renormalization towards a local object). 

The two regularization-renormalization steps lead to two contributions to the central charge: 
the first one is C2, Proposition the second is c%, Proposition 15.21 

The construction of /J,C,A, in particular the conformal restriction property that it yields, 
allows us to use the ideas of [H| to prove Ward identities and transformation properties of 
the stress-energy tensor. Indeed, in [14], conformal restriction of SLE at k = 8/3 [27] played 
a crucial role. Our derivation is formally the same as that of [2] for obtaining the extended 
conformal Ward identities. However, for the expectation of the stress-energy tensor and for the 
transformation properties, SLE ideas of [2] do not apply here, and new techniques had to be 
developed. In SLE, the usual SLE techniques allow to evaluate this expectation on the upper 
half-plane. Then, conformal invariance yields the transformation properties of the stress-energy 
tensor with c = 0. In CLE, the expectation value on the unit disk is simply by symmetry, 
but the lack of conformal invariance of the renormalized measure He, A precludes the simple 
argument used in SLE. Hence, we present a careful analysis of the transformation properties of 
the stress-energy tensor, using conformal covariance and some new techniques. This allows us 
to evaluate the stress-energy tensor expectation, and shows that the breaking of local conformal 
invariance is at the source of the Schwarzian derivative term. 

Here, we express our results in their most general form, using conformal derivatives, (|2,16p . 
This is more than a nicety, as some kind of differentiation on infinite-dimensional spaces are 
necessary in order to derive transformation properties and to study the expectation value. Con- 
formal derivatives are quite useful, and were explicitly connected to CFT in |12| . Note that in 
[14] . similar ideas were used to derive the simpler (c = 0) transformation properties, although 
the notion of conformal derivative had not been developed. However, the derivation was not 
entirely correct. 

Note finally that the choice of the event S(N) is not unique. It would have been possi- 
bly as well to choose the event that only imposes no loop to intersect both components of the 
complement of N simultaneously. Instead of using the nesting property, one expects that the 
probabilistic conformal restriction property will likewise lead to a separation of the two com- 
ponents of the complement. This way is perhaps better adapted to an extension of this work 
to the boundary stress-energy tensor. Indeed, in this case, following [14] . the ellipse should 
be replaced by a half-ellipse standing on the boundary. The condition that a loop winds in a 
fattening of the half-ellipse obviously cannot be imposed, but the condition that no loop in- 
tersects simultaneously both components of the complement makes sense. The latter condition 
also makes the construction possible at k = 8/3, where no loop remains, yet curves may remain 
when appropriate boundary conditions are imposed (e.g. the SLE curve). 
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6.2 Physical arguments 



There are physical arguments for the fact that the stress-energy tensor should indeed be repre- 
sentable as an object, essentially a renormalized random variable, that measures aspects of the 
loop configurations locally, i.e. near to a point. There are also arguments for the fact that with 
a nonzero central charge, such a local construction cannot be done in SLE, but necessitates all 
the loops described by CLE. 

Physical intuition about statistical models suggests that the local distortions that generate 
space transformations should affect locally any cluster boundary. As the stress-energy tensor 
is a generator of conformal transformations, it is natural to expect that it can be seen as a 
random variable measuring how cluster boundaries look near to a point. From the point of 
view of relativistic quantum particles, with cluster boundaries related to Euclidean space-time 
trajectories, the stress-energy tensor, sometimes called the energy-momentum tensor, measures 
the energy and momentum of these particles at a space-time point. Hence likewise it should be 
sensitive to all trajectories, and measure their properties around a point. 

This physical intuition is in agreement with the previous results [2] , where the stress-energy 
tensor was constructed in SLE 8 / 3 as a local variable. Recall that this construction made strong 
use of the property of conformal restriction particular to k = 8/3. According to ()2.ip . the case 
k = 8/3 corresponds to the central charge c = 0. At c = 0, physical intuition indicates that there 
is no energy in the vacuum in a quantum-model perspective - no "vacuum bubbles." Indeed, 
from the viewpoint of loop models, at k = 8/3, there are no loops or cluster boundaries, other 
than the SLE curve itself when appropriate boundary conditions are imposed. Hence, the energy 
is indeed supported only on the SLE curve, and an SLE local construction of the stress-energy 
tensor is possible. 

According to this physical intuition, then, a generalization of the construction of [33] to 
non-zero central charges, taking into account the conformal anomaly coming from the vacuum 
bubbles, would require the inclusion of all cluster boundaries. Hence it can only be done in CLE. 
This physical intuition is perfectly in agreement with the technical aspects of the construction. 
In CLE, there is not direct equivalent of the conformal restriction property that holds for SLE 8 / 3 . 
Rather, there is a property akin to the so-called domain Markov property of SLE K . But this 
property can be recast into a restriction property, at the expense of full conformal invariance, 
due to the infinitely-many small loops physically carrying the vacuum energy. It is the lost of 
full conformal invariance that leads to a conformal anomaly, i.e. a non-zero central charge. 

6.3 Universality 

The transformation property (|5.35|) along with the zero one-point average (|5.5[) on the unit disk 
allows one to evaluate the one-point average tc,w(S) for any w and any simply connected domain 
C using conformal transformations. In particular, Tc, w {X) are completely fixed by the central 
charge c (|5.36p and the probabilities Pc(X). From (|5.10p . tc,w(S) is expressed purely in terms 
of a derivative of a ratio of renormalized weights that does not involve the elliptical domain 
E(w,e,0,b), neither the normalization constant Mb defined in f)5. If) . Hence, it must be that c is 
independent of our particular choice of eccentricity for the ellipse, i.e. of the constant b. 

Corollary 6.1 The constant c in A5.36\) is independent of the eccentricity of the ellipse, i.e. of 
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the parameter b introduced in H2.2\) . 

Then, from the conformal Ward identities, we have a relatively universal definition of the stress- 
energy tensor: any choice of b gives the same value for tc, w (X). 

More generally, any object (event, random variable, or some limit of a sequence of events 
or random variables, for instance) that is supported on a point, that transforms like the stress- 
energy tensor with the same central charge, and that is zero on the disk, satisfies the conformal 
Ward identities, hence, is a representation of the same stress-energy tensor. This is a very strong 
universality statement. The idea is as follows. Suppose an event X is supported away from w, 
and consider fic,w(X) associated with the insertion of this object at w, in a domain C. If X = S 
is the sure event, then certainly flc,w(<S) = nc,w{S) when C is simply connected. Otherwise, let 
us consider a sampling of the configurations. By the nesting property of CLE, we may evaluate 
fic,w(X) by, in particular, evaluating on each configuration sampled the weight jj,D,w{S) on the 
domain D bounded by a loop surrounding w and separating it from supp(X). There is almost 
surely such a loop. We may do the same for fJ-c,w(X). Since fi.D,w(<S) = (ic,w(<S), the result must 
be the same. 

An immediate application of this universality statement is a "free-field" expression for the 
stress-energy tensor. Consider the random variable n(zi,z 2 ) counting k times the number of 
loops that surround both points z\ and Z2, for some k > 0. As z\ — > Z2, this random variable 
diverges logarithmically almost surely. This random variable should be identified, intuitively, 
with a product of "height" fields in the CFT language. Hence, let us consider the object 

0(w) = lim d Zl d Z2 (n(zi,z 2 ) - | log \z x - z 2 \ ) 
\zi— Z2|-)-0 V A J 

where the limit is taken with {z\ + z%)/2 = w fixed. With c chosen properly, this limit, when 
evaluated after taking expectations, is finite. This is the renormalized product of derivatives of 
height fields, and such an expression gives the stress-energy tensor in CFT in the case of the free 
Gaussian field. In CLE, one can see that O{vo) is supported at the point w. Furthermore, with an 
appropriate choice of k, it is possible to make c equal to the central charge (|5.36p . Then, we can 
repeat the standard derivation of CFT showing that it transforms like the stress-energy tensor 
with appropriate central charg^f], simply using the fact that g(n(zi, z 2 )) = n{g(z\), g(z 2 )) for a 
conformal transformation g, and taking derivatives. Hence, by the statement of universality, it 
also satisfies the conformal Ward identities, so it gives rise to the stress-energy tensor in CLE. 



6.4 CFT Interpretations 

Our construction is made nearer to CFT, where one evaluates averages of local fields, by iden- 
tifying a certain limit of a CLE random variable with the stress-energy tensor T(w). This 
identification is (|2.5p . 

T(w) = lim -^-r r de e ' 2W lim n -WTTlmS 1 ^{E{w, e, 9, b))} . 



5 I would like to thank J. Cardy for sharing with me some time ago a closely related idea for constructing an 
object with this transformation property. 
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However, it is not clear a priori that the stress-energy tensor that we constructed in the 
present paper is the correct one. The three elements that allowed us to identify the stress- 
energy tensor are the conformal Ward identities, the fact that the Schwarzian derivative is 
involved in its transformation property, and the fact that is one-point function is zero on the 
disk. With these three elements, the only remaining parameter that determines all correlation 
functions involving the stress-energy tensor on simply connected domains is the central charge. 
Hence, having the correct stress-energy tensor means having the correct central charge. Our 
construction does not guarantee that the central charge that we defined is the one expected 
from the CFT central charge of the underlying 0(n) model [30]; or the one expected from 
the stochastic CLE construction [HJ [36] (both being expected to agree). Yet, by correctly 
interpreting the renormalized weight mc,A, we can see that the CLE relative partition function 
(|5.6p should equal the CFT relative partition function of [12] . Results of [12] show that the 
stress-energy tensor one-point average is related to the relative partition function exactly as in 
Theorem 15.31 which strongly suggests that the central charge is correct. 

Let us interpret the weight mc,A, (|4.8|) . Since the definition essentially requires that no 
loop intersects the boundary of A, one would expect that it is obtained from the number of 
configurations Z c ^-j in C\A, and the numbers of configurations Za in A and Zc in C, through^! 
Z^-jZa/Zc- Of course, all these numbers are infinite in the scaling limit, and in fact so is 
this ratio. Hence, we should normalize this ratio by another diverging number N. That is, we 
multiplicatively renormalize this ratio, where the regularized version is on the finite lattice, and 
the renormalization is obtained by taking the scaling limit. In our definition of the renormalized 
weight, we made the width of dA tend to zero in a precise way, depending on A. The renormalized 
weight may be made to equal the renormalized ratio of partition functions, but the diverging 
number N in general will depend on A. Denoting it by Na, we expect to have 

m c , A = N A Z °f ZA . (6.1) 
Zc 

On the right-hand side, we implicitly understand that the scaling limit is taken. We expect Na 
to diverge in a non-universal way. One can easily verify that expression (|6.ip reproduces the 
result ([4. lip that we found in the CLE context mainly from our nontrivial Hypothesis 13.31 This 
provides a good intuitive justification of that hypothesis. One can also verify that, along with 
CFT arguments for the partition functions, the transformation property ([4.12]) is reproduced 
(see the appendix of [12J3). Finally, the CLE relative partition function Z(dC,dD), Eq. (|5.6p . 
can be re-written using (|6.ip as 

Z(dC,dD) = ZC ' Z ^f . (6.2) 

This is in agreement with the CFT relative partition function denoted Z(C\D) in [12], hence 
suggests that the central charge is correct. 

In fact, combining the stress-energy tensor transformation properties and the one-point func- 
tion formula gives a nice, non-trivial formula for certain ratios of CLE probabilities. Indeed, 



6 I would like to thank D. Bernard for sharing this idea with me. 

7 One first re-writes mc,A = N A Z C ^/ (Zc Z^£) with N' A — NaZ^-^/Za, then one compares with [121 Eq. 
C.3], using Z(C\A\C\C). 
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from (|2.16p . Theorem 15.31 and Theorem 13. 3\ we have 

for any conformal transformation s that maps C onto D (recall that N is a tubular neighborhood 
of dC), where D C C and z £ D. Assuming that the central charge is real, this gives rise to the 
conformal derivative formula 

P t (£(N)) c fX,. ,,-,c_ ., , I 



Vhl ^ N l T d c P^( £{ N)) = 12 {f/*Hz){s,z} + fteh(m-z}) (M 

for any h holomorphic on (the closed set) C \ D except perhaps for a pole of order at most 2 at 
oo. Here C is a contour that lies entirely in C\D, winding once clockwise around D (and recall 
our normalization <f dz/z = 1 for a counter-clockwise contour around 0). 



6.5 Some open questions 

An important calculation is that relating the central charge as we defined it, to the parameter 
K characterizing the CLE probability measure, or to the time of the Poisson process involved 
in the stochastic construction of CLE (whose relation to k is known) [41|, [36] . We have given 
strong arguments that our central charge is the correct one, through CFT considerations, but 
it would be very interesting to provide a CLE proof that indeed we find the expected formula 
c = (6-k)(3k-8)/(2k). 

Many extensions of this work are possible. The antiholomorphic component of the stress- 
energy tensor T can of course be constructed without difficulties along entirely similar lines. 
But also, it would be very interesting to develop the whole identity sector through Fourier 
components of renormalized probabilities of similar geometric figures. This should be possible, 
because all fields in the identity sector are local with respect to the loops, and are, in a sense, of 
"geometric character." Second, it is possible quite straightforwardly to extend the applicability 
of the conformal Ward identity to other objects than simple CLE events. For instance, for the 
Ising spin, the object should simply be, loosely speaking, the limit e — > of an appropriately 
normalized random variable evaluating the parity of the number of loops outside a small disk 
of radius e. The normalization should simply make the object a primary field of a non-zero 
dimension and zero spin. Other constructions, taking Fourier transforms for instance, will 
lead to non-zero spins, and eventually to non-primary transformation properties. Knowing the 
transformation properties of an object, the derivations of Theorems 15.21 and 15.41 can be repeated, 
and lead to the correct conformal Ward identities thanks to [12 . In particular, since we have 
proven the transformation properties of the stress-energy tensor itself, this gives the conformal 
Ward identities with multiple insertions of the stress-energy tensor. The chief complication 
involved in such general conformal Ward identities is that of the existence of the limits involved, 
and of the independence on the order of the limits. 

From multiple stress-energy tensor insertions, we may develop the basis for the algebraic 
setup of CFT. Indeed, standard arguments of CFT give rise to the Virasoro algebra, with the 
central charge equal to the one that occurs in the transformation property of the stress-energy 
tensor. From this, the Virasoro vertex operator algebra can be obtained using its construction 
via conformal derivative in [13]. We hope to develop this in a future work. 
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Finally, it would be important to prove that the four yet-unproven Hypotheses that we have 
made use of hold in CLE for 8/3 < k < 4. 



A Steps towards a possible proof of Hypothesis 13.31 

By the nesting property, for every simply connected region C and tubular neighborhood N C C 
of a Jordan curve in C, there is a measure ojc,n(7) on the loop 7 of the definition of the event 
£(N), Definition 12.21 (the loop 7 is singled out in some way, for instance the nearest to dC when 
this makes sense), such that for events X, X' supported in the simply connected component of 

C\N, 

P c (X\X'n£(N)) = J P Cl {X\X')dw c ,N(l) (A.l) 

where C 7 is the domain bounded by 7 and containing supp^) U supp(A"). Let us make the 
following hypotheses: 

1. The measure ujc,n is continuous on C. We mean here that if both C — > C and dC — > dC 
in the Hausdorff topology, then the upper and lower variations of ujc,n — ^c,N both have 
vanishing total weight. 

2. The Radon-Nikodym derivative (}ujd,n{i) /d^C,N{l) is uniformly bounded for all C, D and 
7 such that dC and dD are bounded away from N. 

3. The limit N — > u of Pc(X\S(N)) exists uniformly on C such that dC is bounded away 
from u and from the support of X . 

It is a simpler matter to see that from Point 1, the average under ujc,n(i) of any variable that is 
uniformly bounded on the random curve 7 is itself continuous in C. It may be sufficient to have 
a less stringent continuity condition as that expressed above. Steps towards a possible proof of 
(the first part of) Hypothesis 13.31 based on the above "more fundamental" hypotheses, are as 
follows. 

Using Hypothesis 13.21 we can write the left-hand side of (|3.5[) as 

P c (£(N)n£(N')) 



and the right-hand side as 



lim lim 

N ^8AN'^dB P C (£(N))P C (£(N')) 

lim ffc(£(A0n 



N'->dB N-+8A P C (f(iV))P C (£ , (iV / ))' 
Hence, we only need to show that the limits exist, and that their order can be inverted. 
We will show that the limits N —> dA and N' —> dB exist and can be interchanged in 

Pc(£(N)n£(N')\Q) 
P C {£{N)\0)P C {£{N')\0) 



(A.2) 
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for a particular event O that has nonzero probability and that is supported on B\A. This is 
equivalent to 

Pc^mP) P B (£(N)\Q) 
n™b P c {£{N')\0) n™a P c {£{N)py 
It is sufficient, because we have 

P CKA (£(N')\Q) Pc{0) P CKA (£(N')) P CXA (Q\£(N')) 
P C (£(N')\0) P c ^(0) P C (S(N')) P C {0\£(N')) 

and 

P B (£{N)\Q) _ P C (Q) P B {£(N)) P B (Q\£{N)) 
P C {£(N)\0) P B (0) P C (S(N)) P C (0\£{N)) 

In both cases, the limit on the last factor can be evaluated, and this transforms the expressions 
into, respectively, 

Pc(0) P B \a(0) ^ P CXA (£(N')) 



P cSA {0) P B (0) N'—tdB P C {£(N>) 

and 

PciO) p b\a(°) Pb(£(N)) 
P b (0) P c \x(0) nZa P c (£{N) • 

Equality gives the desired result. 

We consider N, N' to be disjoint tubular neighborhoods of dA and dB respectively. We will 
choose 

O = £{N") 

where N" is a tubular neighborhood of a Jordan curve u separating dA from dB; we assume all 
tubular neighborhoods N, N' and N" to be disjoint. 

We start by considering u to be more general: it separates dC from dA, but does not 
necessarily lie in B. 

First, let D be any simply connected domain containing A and N" . Then we have 
P D (£{N)\0) = f PdM^^dMi) 



I 



< M J P Cl {£{N))dw c ,N"{l) 
= MP c {£(N)\0) 

where M is the bound of Point 2 above. Hence, P D (£ (N)\0)/P c {£ (N)\0) is uniformly bounded 
for all D, C and N such that dD, dC and N are bounded away from N". 

Second, we have 

P D (£{N)\Q) _ Pp(£{N)) P D (Q\£(N)) 

P C (£(B)\0) P C {£(N)\0) P D (0) ■ 
By Point 3, the second factor on the right-hand side is nonzero uniformly for N near enough 
to dA and D such that dD is bounded away from N". Hence, we conclude that J^ D ^f^o) is 
uniformly bounded for all D, C and N such that dD, dC and N are bounded away from N" . 
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Third, we have 

P D {£(N)\0) f PcM N )) 



d^D,N"{l)- 



P C (£(N)\0) J P G {£{N)\0) 

By Point 1 and the boundedness that we have found, we conclude that the left-hand side is 
equicontinuous, as a function of D, in the family of all N tending to dA. 

Finally, now with N" separating dA from dB, 

P C (£(N) n £{N')p) P C {£(N)\£(N') n O) 



P C {£{N)\0)P C {£(N')\0) P C (£(N)P) 

P C ,(£(N)\Q) 
P C (£{N)\0) 



duJc,N'{l)- 



From the equicontinuity result just established, 



V5 > : 3N' | V (N; 7 C N', winding) : 

P Cl (£(N)\Q) _ Pb(£{N)\Q) 
< P C {£{N)\0) P C (£(N)\0) < ■ 

We can average over 7, and then take the limit ./V — > dA: 

V<5 > : 3N' I V7 C N' , winding : 

Pc^mP) P B (£(N)\Q) 
< P C (£(N')\0) nZaP c (£(N)\0) K 



where limjv -5.9,4 is the interval delimited by the superior and inferior limit. This shows that 

Pcy(£(N')\0) Pb{£(N)\Q) 
N'^dB P c (£{N')\0) n™a P c (£{N)\0) 

where both limits exist. 
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